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SUMMARY

This thesis presents rigorous analytical and numerical results necessary for the nu-
merical analysis of a class of High—Order Perturbation of Surfaces/Asymptotic Waveform
Evaluation (HOPS/AWE) methods in a laterally periodic two-layer structure. Numer-
ical simulations of scattering returns from periodic diffraction gratings are crucial to a
large number of applications in physics and engineering, and the work presented here
examines methods for numerically modeling scattering returns from such structures.
The strategies presented in this thesis represent the results of our efforts towards the
dual goals of 1) Proving a theorem on the existence and uniqueness of solutions to a
system of partial differential equations which model the interaction of linear waves in
periodic layered media and 2) Developing a numerical algorithm to record scattered
energy through a novel interfacial method that is perturbative in nature.

The first of our goals is established through classical methods based on the theory
of Sobolev spaces and regular perturbation theory. The proof involves several rigor-
ous analyses, and we formulate the scattering problem in terms of Dirichlet—Neumann
Operators which are computed using the Transformed Field Expansion (TFE) method-
ology. A novelty of our approach is the joint analyticity of solutions with respect to
both geometry and frequency perturbations. The theory itself is then validated through
our second goal which is the development of a joint HOPS/AWE algorithm. For this,
we develop a special class of interfacial numerical algorithms that are well-suited to
periodic diffraction problems. Our algorithm calculates the Reflectivity Map, R, which
measures the response (reflected energy) of a periodically corrugated grating structure
as a function of its illumination frequency. Moreover, we present a series of challenging
and physically relevant numerical experiments to validate the scattering results expected
by our algorithm.

Forthcoming research will focus on extending the proof of analyticity to additional
parameters relevant to the geometry of the structure, increasing the complexity of the
structure through generalizing our results to any finite number of layered interfaces, im-
plementing parallel programming techniques to handle multilayered surfaces, and reduc-
ing the computational cost of our HOPS/AWE algorithm. The analysis of multilayered
periodic structures with numerous perturbation parameters will be an area of substantial

interest for practitioners in the electromagnetic and engineering communities.
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CHAPTER 1

INTRODUCTION

The theory of waves and wave propagation in periodic media has influenced many
fields in the physical sciences, dating back to the influential work of Lord Rayleigh. The
advancement of information and communication technologies was made possible by the
use of various manifestations of waves, most notably electromagnetic waves to transmit
information around the world and electrons to process information in computers. The
role of wave phenomena will continue to grow in the future, especially in emerging fields
of science and technology such as cryptography, medical imaging, and quantum comput-
ing. Because of the increased availability of parallel processing and high-performance
computing, computer simulation has become an essential component of wave simulation,
supplementing both theory and experiment. As a result, this thesis aims to extend a
class of fast and robust numerical methods (known as HOPS) to simulate certain wave
phenomena in a regime that is characterized by a periodic structure.

The remainder of this introductory chapter will give a brief history of the field of
wave scattering and discuss early achievements of scientists and practitioners. The
mathematical notation used in later sections will be introduced alongside the geome-
try of a two—layer periodic structure. We will also introduce the Rayleigh expansions,
electromagnetic waves, TE polarization, TM polarization, and discuss the motivation
behind our High—Order Perturbation of Surfaces (HOPS) schemes.

1.1 History

The scattering of acoustic and electromagnetic waves by rough interfaces has been the
subject of considerable study for more than a century (1). Lord Rayleigh first in-
vestigated this problem in 1881 (2) and provided the foundation on which almost all
subsequent work is based. It is possible to gain a good understanding of the mechanics
of this field of scientific study and its application in light scattering by reading the works
of van de Hiilst (1957) (3), Twersky (1964) (4), Kerker (1969) (5), Petit (1980) (6), and
Wilcox (1984) (7). For the interested reader, we recommend the Habilitationsschrift of
T. Arens (2009) (8) as a definitive reference for periodic layered media problems and for
the the state-of-the-art analysis of solutions to the Helmholtz and Maxwell equations in
two and three dimensions.

Scattering is a process that alters the direction of light and is commonly associated
with light’s interaction with small particles (9). Light scatters and travels in many
directions other than the propagating direction as a result of this. Light is scattered by
reflection and refraction in relatively large particles, such as pigments with dimensions

greater than 2.0 um. Diffraction occurs when light is scattered by relatively small
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2 1.1  History

particles with dimensions less than about 0.3 pm. When the sun is high in the sky
during the day, the sky appears blue because blue light is scattered more effectively by
very small particles in the atmosphere than light of longer wavelengths. When the sun
is low on the horizon at sunrise and sunset, we see more of the non-scattered light, and
the sky appears red.

The majority of the objects we see are visible due to light scattering from their
surfaces. This is, after all, our fundamental physical observation method (5). Light
scattering is determined by the wavelength or frequency of the light being scattered.
Because visible light has a wavelength on the order of a micron, objects much smaller
than this cannot be seen, even with a microscope. Lord Rayleigh was among the first to
explain light scattering by very small particles. Rayleigh’s observations show that the

intensity of light scattered varies (9):

e Directly based on the intensity of incident light.

e Directly based on the average volume of scattering particles.

Lord Rayleigh also discovered that light can scatter without the use of scattering par-
ticles. This is due to the fact that changes in refractive index at different parts of a
material can be sufficient to cause scattering. If a material is homogeneous, then the
composition of all infinitesimal volume elements is the same and optical properties which
define the material response to the incident radiation, such as transmissivity, reflectiv-
ity, and absorptivity are also the same. The aforementioned properties vary in different
directions in a heterogeneous material, resulting in light scattering. On a macroscopic
scale, optical properties vary over distances less than the wavelength of the incident
light, resulting in the scattering of energy away from the direction of propagation.

The result of Rayleigh’s observations that scattering depends on the wavelength
and, thus, the color of the light is now known as the Rayleigh scattering law (10; 11).
To answer the question: “Why is the sky blue in the afternoon and red at sunset or
sunrise?” one may observe that blue light has a wavelength of around 400 nanometers,
while red light has a wavelength of about 700 nanometers. The scattering law states
that the percentage of light that will be scattered is inversely proportional to the fourth
power of the wavelength. Therefore, blue light, which is at the short wavelength end of
the visible spectrum, will be scattered much more strongly than red light, which is at
the long wavelength end of the visible spectrum. The white light from the sun scatters
and splits into different components due to particles in our environment that are roughly
the same size as the wavelength of visible light. Because of their small size, oxygen and
nitrogen (the major components of our atmosphere) scatter violet and blue light. This
results in the blue color of the afternoon sky, since, in directions other than towards the
Sun, the observer sees predominantly scattered light. In contrast, the distance that light

must travel from the Sun to an observer is highest at sunrise and dusk. This signifies
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that a substantial proportion of blue and violet light has been scattered, resulting in

light that is predominantly of a longer wavelength and appears red to an observer.

‘ . L
A"'

(a) Blue Sky (Afternoon) (b) Red Sky (Dawn and Dusk)

Figure 1: Rayleigh scattering is responsible for the sky’s blue tint during the day and

the Sun’s reddening at sunset and sunrise.

Research in the twentieth century focused on the subject of scattering from particles.
In this, numerous authors contributed to the general theory of scattering by acoustic and
electromagnetic waves. L. Foldy was among the first to present a complete framework
(12) for the multiple scattering of a random distribution of particles. He considered
the multiple scattering of scalar waves by a random distribution of isotropic scatter-
ers through averaging a medium of uncorrelated, isotropic, point scatterers. M. Lax
then expanded Foldy’s work by including anisotropic scattering and pairwise correlation
between particles (13). V. Twersky later extended this work through investigating the
scattering of waves by multiple spheres and cylinders in a fluid, which would later lead to
research in the scattering of multiple dense objects (14; 15), grating scattering (16), and
the propagation of plane—compressible waves in fiber-reinforced composites (17; 18; 19).

In 1952, Twersky published a sequence of manuscripts (20; 21; 22) describing a solu-
tion to the problem of multiple scattering of radiation by an arbitrary configuration of
parallel cylinders. He developed a formal model in terms of cylindrical wave functions for
the scattering of an acoustic or electromagnetic wave by an array of parallel cylindrical
structures which takes into account all contributions to the excitation of one cylinder by
radiation scattered by the others. He then extended his solution to the case where all
axes of the cylinders lie in the same plane (23). In addition, Twersky introduced meth-
ods based on Green’s function (24) to describe the relationship between the scattered
amplitude of an infinite grating in terms of the scattered amplitude of a single isolated
cylinder. In 1961, Twersky found a method of representing the scattering coefficients
in terms of elementary functions based on Schlémilch series (25). Since then, numerous

studies have been conducted to confirm Twersky’s findings and to expand his analysis
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on cylindrical gratings (including the research on wave propagation by G. Brown in the
1980s (26; 27)).

Many other authors have contributed to the study of multiple scattering effects. J.
Keller investigated wave propagation in continuous media through use of stochastic lin-
ear differential equations (28) and by including terms up to the third order in a perturba-
tion expansion (29). U. Frisch then extended this work by developing a theory of multiple
scattering of waves by a continuous random medium through perturbation expansions
and approximation methods (30). Frisch applied the Feyman diagram method to iden-
tify the scattering interaction between the random surface and the random medium and
demonstrated how to obtain the exact solution of a scalar wave equation by the means
of functional space integration. P. Waterman and R. Truell created a rule (15) to relate
the scattered wave and exciting field by defining a linear scattering operator 7" in a
homogeneous isotropic medium governed by the Helmholtz equation. The application
of Waterman’s rule to scattering characteristics of particles is now known as T—matrix
formalism in the engineering literature. V. Varadan, V. Bringi, and Y. Ma (31; 32) then
considered vector electromagnetic waves in three—dimensions and investigated various
shapes and configurations of particles. In terms of quantum mechanical scattering, L.
Tsang, J. Kong, and T. Habashy applied the method of coherent potential (33; 34) to
the study of multiple scattering of electromagnetic waves by a random distribution of
discrete scatterers. They found that the approach of quasicrystalline approximation was
particularly effective in treating electromagnetic scattering by discrete scatterers and can
accurately calculate the effective propagation constants of the coherent wave. Further
research is being performed by numerous authors in both the applied mathematics and

engineering communities.
1.2 Motivation

The scattering of linear electromagnetic waves by a layered structure is a central model
in many problems of scientific and engineering interest. Examples arise in areas such as
geophysics (35; 36), imaging (37), materials science (38), nanoplasmonics (39; 40; 41),
and oceanography (42). In the case of nanoplasmonics, there are many topics of interest
such as extraordinary optical transmission (43), surface enhanced spectroscopy (44),
and surface plasmon resonance biosensing (45; 46) and (47; 48; 49; 50). In all of the
physical problems it is necessary to approximate scattering returns in a fast, robust, and
highly accurate fashion. This thesis will expand upon a novel HOPS algorithm (51; 52;
53) designed for the numerical simulation of the layered periodic media (diffraction or
scattering) problem.

A variety of classical algorithms have been used for simulation of this problem.
However, recent studies have demonstrated (54; 51; 55; 53) that volumetric approaches

(such as finite difference and finite/spectral element methods) are greatly disadvantaged
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when dealing with layered media problems because of the large number of unknowns.
Another natural candidate is an interfacial method based upon integral equations (IEs)
(56). There are, however, also difficulties associated with these, as discussed in (54; 51;
55; 53). In the past few years, a number of these have been addressed through various
techniques such as (i) the use of sophisticated quadrature rules to deliver high order
spectral accuracy, (ii) the design of preconditioned iterative solvers with appropriate
acceleration (57), and (iii) new tactics to avoid periodizing the Green function (58; 59;
60). Despite these alternatives (see, e.g., (61)), there are two properties that make these

strategies noncompetitive in our parametrized setting. These are:

[1] For configurations parameterized by a real value e (in our scheme the height/s-
lope of the interface), an IE solver will return the scattering returns for only one

particular value of . If this is changed, the solver must be run again.

[2] IE solvers require inverting a dense, nonsymmetric positive definite system of linear

equations for every simulation.

In contrast, the HOPS approach (51; 55; 53) can effectively address these concerns. More
specifically, in (55; 53) an alternative known as the Field Expansion (FE) method is pro-
posed which is based on the low-order calculations of Rayleigh (62) and Rice (63). An
expansion to high order was first introduced by Bruno and Reitich (64; 65; 66) and then
was later enhanced and stabilized by Nicholls, Reitich, and Malcolm (67; 68; 69; 70).
This latter method is known as the TFE method. The TFE method maintains all of the
classical advantages of IE formulations (such as surface formulation and exact enforce-
ment of far—field and quasi—periodic boundary conditions) while effectively addressing

the two shortcomings listed above:

[1] The method is built upon expanding in the boundary parameter . Once the
Taylor coefficients are known for the scattering quantities, the TFE method can
recover all of the returns by summing the Taylor coefficients. It is unnecessary to

begin a new summation for every value of €.

[2] The scheme is based on a perturbation of the interface which, at every perturbation
order, requires the inversion of a single, sparse operator corresponding to the flat-

interface solution.

For a single incident wavelength, the TFE method is among the most efficient avail-
able in our layered media setting. A generalization of the HOPS approach developed
by Bruno and Reitich is known as an Asymptotic Waveform Evaluation (AWE). The
AWE methods (71; 72; 73; 74; 75) are built upon an additional expansion in wavelength
(frequency) about a base value and will be a major source of analysis in the second half
of our thesis. Our aim is to develop a novel interfacial method using a combined HOP-

S/AWE algorithm that provides a stable numerical scheme and a rigorous convergence
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result. We will carefully show that our new algorithm is highly accurate, rapid, robust,
and is jointly analytic with respect to two smallness assumptions: (i) an interfacial

deformation and (ii) a frequency deformation.
1.3 Preliminaries and Notation

We consider a y—invariant, doubly layered structure with a periodic interface separating

two materials; see Figure 2.

I

Figure 2: A two-layer structure with a periodic interface, z = g(x), separating two

material layers, S and S, illuminated by plane-wave incidence.

The d—periodic interface shape is specified by the graph of the function z = g(x),
g(z +d) = g(z). A dielectric (with refractive index n*) occupies the domain above the
interface

S® = (= > g(a)},

while a material of refractive index n" is in the lower layer

SW) = {2 < g(x)}.

The subscripts are chosen to conform to the notation of (76; 77). The structure is
illuminated from above by monochromatic plane-wave incident radiation of frequency w

and wavenumber k" = n%w/co = w/c" (¢ is the speed of light) aligned with the grooves
Einc(x Py t) — Ae—iwt—i—iaw—i’yz HinC(CC Py t) — Be—iwt—i—iam—i’yz
= 9y 9 Y = 9y 9 M

We consider the reduced incident fields
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Einc(x’ z) — eithinc(:U, z,t), Hinc(x’ z) — eiwtﬂinc(w, Z,t),
a:=k"sin(f), ~":=k"cos(0),

where the time dependence exp(—iwt) has been factored out. As shown in (6), the
reduced electric and magnetic fields {E, H} are a—quasiperiodic like the incident radia-

” upward

tion. To close the problem we specify that the scattered radiation is “outgoing,’
propagating in S and downward propagating in S(®).

It is well known (see, e.g., §1.5—§1.7 and Petit (6)) that in this two—dimensional set-
ting, the time—harmonic Maxwell equations decouple into two scalar Helmholtz problems
which govern the Transverse Electric and Transverse Magnetic polarizations. We define
the invariant (y) direction of the scattered (electric or magnetic) fields by @ = u(x, 2)
and @ = w(z, z) in S™ and S, respectively. The incident radiation in the upper field
is defined as @‘(z, z) (which we will also denote by %4¢(x, z)). In Chapters 2 and 3 we

will factor out the phase exp(iaz) from the fields @ and w

u(z,z) = e Uz, 2), w(z,z)=e iz, 2),
which, we note, are d—periodic. This will simplify notation and, as discussed in Chapters

2 and 3, also remove the phase from the relevant quantities in our governing equations.
1.4 Electromagnetic Waves, Polarization, and Parameters

A wave can be described as a disturbance that travels through a medium from one
location to another location (78). Waves can transfer energy from one point in space
to another point in space. Therefore, there are two mechanisms which specify wave
properties: The disturbance which defines the wave, and the propagation of the wave.

With these, we may classify waves by the following two categories:

[1] Longitudinal Waves: When the disturbances in a wave are parallel to the wave’s
propagation direction, the wave is said to be a longitudinal wave. Sound waves,
for example, are longitudinal waves because the pressure change occurs parallel to

the wave’s propagation direction.

[2] Transverse Waves: When the disturbances in a wave are perpendicular (at right
angles) to the wave’s propagation direction, the wave is called a transverse wave.
Light is an example of a transverse wave, in which energy vibrates in a direction

perpendicular to the wave’s direction of motion.

Electromagnetic waves are transverse waves where both the electric and magnetic fields

are perpendicular to each other and the direction of wave propagation.
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z [nm]

Figure 3: A light wave is an electromagnetic wave with an electric and a magnetic
component. In our scenario, the electric field E (in blue) oscillates in the vertical
direction. The magnetic field H (in red) is at a right angle to the electric field and
oscillates in the horizontal direction. Both are perpendicular to the direction of wave

propagation (z).

Electromagnetic energy is transmitted in waves and an electromagnetic field can
propagate along various modes (79; 80; 81). The three most common modes are Trans-
verse Electric and Magnetic (TEM), Transverse Electric (TE), and Transverse Magnetic
(TM) where

e TEM Mode: In the Transverse Electric and Magnetic mode, both the electric
field and the magnetic field (which, in free space, are always perpendicular to one
another) are transverse (at right angles) to the direction of wave propagation (see

Figure 3).

e TE Mode: In the Transverse Electric mode, the electric field is transverse to the
direction of propagation while the magnetic field is parallel to the direction of

propagation.

e TM Mode: In the Transverse Magnetic mode, the magnetic field is transverse to
the direction of propagation while the electric field is parallel to the direction of

propagation.

For various reasons the TM mode is of extraordinary importance (e.g., by the classical
study of Surface Plasmon Resonance (SPR) in Raether (39)) and thus we concentrate

our attention on the TM case in Chapters 5 and 6.
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Throughout this thesis, we are interested in solving electromagnetic problems in-
volving linear, homogeneous, nonmagnetic media. Our strategy, which will be discussed
in detail in §1.5, is to work in the frequency domain by simplifying Maxwell’s equations
in matter through considering solutions where both the electric and magnetic fields
are composed of time-harmonic solutions. These are solutions that have a e~ time—
dependence for a single angular frequency w. For frequency domain problems, two key
material parameters are the permittivity € and permeability p. In vacuum, these two
quantities are represented by €y and pg. In addition, we are interested in representing
¢, the speed of light in vacuum, in terms of ¢y. The index of refraction characterizes the
speed of propagation of light in a medium by n = ¢g/c > 1 and allows us to specify the

relations

c= C—O, (Speed in Dielectric Material)
n
1
co = , (Speed of Light in Vacuum)
€010
n=,|-£ , (Refractive Index)
€00
ko = ﬁ, (Wavenumber in Vacuum)
Co
k = nko, (Wavenumber and Refractive Index)
2
P (Wavelength)
w

In many cases, it is enough to specify the quantities w and n so that the remaining
dielectric parameters can be found through the permittivity and permeability of the
corresponding medium. We will measure the wavelength in microns (where 1 pym =
107% m), as is common in many applications in engineering and photonics. An alter-
native would be to use nanometers where 1 nm = 107 m or 1 gm = 103 nm. In vac-
uum, we have ¢y = 8.854187817 x 1072 F/m (farards per meter), uo = 1.256637061 x
1075 H/m (henry per meter), and the speed of light becomes ¢y = 299,792,458 m/s
(82). Additionally, we will assume that every material layer is piecewise homogeneous
and isotropic, so that € and p are uniform throughout all directions of the medium.

1.5 Maxwell Equations

Following (81; 83; 84; 6; 85), we consider a region S and take as a starting point Maxwell’s

equations of macroscopic electromagnetism in the following form:

B
VXxE= —88—?, (Faraday’s Law of Induction) (1.1a)
oD .
VxH=J+ T (Ampere’s Law) (1.1b)
V-D =p, (Gauss’s Law) (1.1c)

V-B =0, (Gauss’s Law for Magnetism) (1.1d)
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where J is the current density and p is the charge density. These equations link the four

(time dependent) macroscopic fields

e E=E(x,y,2,t): The Electric field.
e H=H(x,y,z2,t): The Magnetic field.
e D =D(z,y,z,t): The Electric Displacement field.

[e=
I

B(z,y, z,t): The Magnetic Induction field.

The four fields are further linked via the polarization P and magnetization M by

D:€0E+P7
1
H=—B-M,
Ho

where ¢y and g are the electric permittivity and magnetic permeability of vacuum. The
connections between the fields depend on material properties that are defined by the

quantities

e Polarization P: The electric dipole moment per unit volume.

o Magnetization M: The magnetic dipole moment per unit volume.

Limiting ourselves to linear, isotropic, homogenuous, nonmagnetic media, we define the

constitutive relations

D = 6067’E7 (12&)
B = pop-H, (1.2b)

where €, is a dielectric constant representing the relative permittivity and pu, = 1 is
relative permeability of the nonmagnetic medium. The linear relationship between D
and E is often implicitly defined using the dielectric susceptibility x, which describes

the linear relationship between P and E via
P = eoxE.
From here, one finds
D =¢E+P =¢(l+x)E,

which from (1.2a) yields e, = 1 + x. Substituting (1.2) into (1.1) produces
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OH
E— > 1.
V xE o5y s (1.3a)
v xﬂ:J—i—eoer%—%, (1.3b)
VB = p/(eoe). (130
V.H=0. (1.3d)

In consideration of our particular scenario, we assume there are no free charges (requiring

p =0). We model the current density with the linear relationship
J= UEa

which is known as Ohm'’s law. The scalar o represents the conductivity of an isotropic
material. To work in the frequency domain and obtain time-harmonic solutions of the
form

E(z,y,2,t) = B(z,y, 2)e” ™, H(z,y,2t) = H(z,y,2)e” (1.4)

we insert (1.4) into (1.3) to obtain

V x E =iwuoH, (1.5a)
V x H = —iwepeE, (1.5b)
V-E=0, (1.5¢)
V-H=0, (1.5d)
where
e=e+id, d=¢, € =0/(we),

is the complex permittivity. A dielectric (or insulator) is the name given to a material
for which

o/(wep) < € = Im(e) = 0,

and a perfect insulator is a material where o = 0 which implies Im(e) = 0. An example
is vacuum where € = 1. A metal (or conductor) is the name given to a material which
satisfies

' =0 /(we) = €.

Examples of good conductors are copper and silver. We call a material a perfect con-
ductor if o — oo. To arrive at the governing equations for scattered grating, we also

demand that solutions are quasiperiodic
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E(i[} +dy,y +da, Z) = eiadl—i_iﬁdQE(xv Y, Z)a (16&)
H(l‘ +dy,y +da, Z) = eiad1+iﬁd2H(x) Y, Z)a (16b)

and outgoing. Then at the material interface (83) we have continuity of both the tangen-
tial components of the electric field and the normal components of the magnetic field.
Finally, we recognize that jumps in the normal electric field and tangential magnetic

field are specified by
NxE=0, NxH=j,, N:-(eE)=ps;, N-H=0, (1.7)

where N is normal to the interface, j, represents the surface current density, and p; is the
surface charge density. In the case that all of the permittivities and permeabilities are
finite, the surface current density is zero. This allows us to enforce tangential continuity
of the fields E and H as

NxE=0, NxH=0. (1.8)

In the setting of grating structures, we choose an interface shaped by z = g(z,y) and
define the normal of the interface as N := (=09, —0y9, 1)T. Therefore in a doubly

layered medium our governing equations become

V x E® = jwuoHW), 2> g(z,y), (1.9a)
V x H®W = —jwepe™WEM™), 2> g(z,y), (1.9b)
V x EM™) = jwuoH™), z < g(z,y), (1.9¢)
V x H®) = —jwepe™BEM™), z < g(z,y), (1.9d)
N x [E(“) . E("“)] = _N x E", 2= g(a,y), (1.9¢)
N x [H(“) - H<w>] — N x H", 2= g(a,y). (1.9f)

Here, {E(“),H(“)} and {E(“’),H(“’)} represent outgoing, quasiperiodic, divergence free
electric and magnetic fields defined in the upper (S(“) = {z > ¢}) and lower (S(“’) =
{z < g}) media. The constants €™ and ™) represent the permittivities which fill the
two material layers.

To simplify future developments, we make two assumptions which allow us to focus
on scalar solutions in two dimensions. Our first assumption is that the grating structure

is invariant in the y—direction so that the interface shape becomes

z = g(z).

This implies that —0d,g = 0 and the interface normal becomes
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—0z9
N=| o |. (1.10)

The second assumption is that the incident radiation is aligned with the invariant grooves

of the grating structure. In this case, in TE polarization the electric field takes the form

0
EC = E™(z,2) = A A= |4, (1.11)
0

while in TM polarization the magnetic field can be written as

0
Hine — Hin(:(x, ) = Beifm*i’ﬂ, B=|B]I. (1.12)
0

1.6 Tranverse Electric (TE) Polarization

Suppose that the electric field is transverse to the direction of propagation while the
magnetic field is parallel to the direction of propagation. Then the electric field has only

a transverse component and we seek solutions satisfying

0 H*(x,2)
E=E(z,2) = | 9(z,2) |, H=H(z,z2) = 0 . (1.13)
0 H*(z, 2)

—0,0
VxE= 0 ,
0x0
which implies
1 —5zf1/(iwﬂo)
H=- VXxE= 0
Wi
0,0/ (ieopio)
Similarly,
0

VxH=|0,H*-0,H* |,
0
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so that we can reduce (1.9b) and (1.9d) from
—iwegeE =V x H,

to one equation in the y—component

div [—
iw o

Vf)] = —jweQeD.

As the divergence of the gradient is the Laplacian and g is constant, we obtain
w2
0 = AD + w’poeged = AT+ —5eb = AD + kjed = A + k*0. (1.14)
0

The boundary conditions become

-7
0=NxE-= 0 , (1.15)
_(awg)v
and
0 . 0
0=NxH=| (0,9)H*+ H* | = - (029)0,0 — 0,0 | - (1.16)
W Ho
0 0

The first boundary condition (1.15) shows that © is continuous across interfaces while the
second boundary condition (1.16) warrants that Oy 0 is also continuous across interfaces.
This follows from the fact that pg is a constant equal to the permeability of vacuum in
all media and is therefore constant across boundaries. As a consequence, in a doubly

layered medium the TE governing equations are

Ad+ (k)27 = 0, 2> g(z), (1.17a)
AW + ()% = 0, z < g(x), (1.17b)

o — = —a"e, z = g(z), (1.17¢c)
ONT — T2ONTD = —ONT"", 2= g(x), (1.17d)

where
S 0

T ew (kw)Q - (nw)Q’

and @ and w are defined as outgoing, quasiperiodic solutions (in the y—component) of

the electric field in the upper and lower layers. To clarify what is meant by solutions
that are bounded, outgoing, and quasiperiodic, we will introduce an Outgoing Wave
Condition (OWC) in §1.8.
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1.7 Tranverse Magnetic (TM) Polarization

If we instead assume that the magnetic field is transverse to the direction of propagation
while the electric field is parallel to the direction of propagation, then the magnetic field

is composed entirely of a transverse component and we seek solutions satisfying

0 E*(z, 2)
H=H(z,2) = | 9(z,2) |, E=E(z,2)= 0 . (1.18)
0 E*(z,2)

We may once again satisfy the time-harmonic Maxwell equations by calculating

—0,0
VxH= 0 )
Oy ¥
which implies
) . 0,0/ (iwep)
E=——VxH=- 0
Twege €
_615/(iwe0)
Similarly to TE polarization, we find
0
VxE=|0§,E*—-0,FE*|,
0

and we can reduce (1.9a) and (1.9¢)
wpoH =V X E,

to one equation in the y—component

1
div { Vﬁ] = Wwp0.

Wepe

As e changes value between layers, we find

2

1 1 1
0 = div [Vf)} + wigeod = div [va] + %f} = div [va] + k25, (1.19)
€ € €

If the layers are homogeneous then we may reduce (1.19) in each layer to

0= AD + k*D. (1.20)
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The boundary conditions become

—v
(0z9)
and
0 ) 0
0
0 0

Similarly to TE polarization, the first boundary condition (1.21) shows that o is contin-
uous across interfaces. However, the second boundary condition (1.22) mandates that
(1/e)ON0 is continuous across interfaces. This follows from the fact that € is constant
everywhere and € is allowed to jump across layer interfaces. Therefore in a doubly

layered medium the TM governing equations are

At + (K" =0, z > g(x), (1.23a)
A+ ()% = 0, z < g(z), (1.23Db)
TR —— L 2= g(x), (1.23¢)

NG — T2ONw = —ONT", z=g(z), (1.23d)

where, as in TE polarization, @ and w are defined as outgoing, quasiperiodic solutions

(in the y—component) of the magnetic field in the upper and lower layers.
1.8 Rayleigh Expansions

In order to make precise the far—field boundary conditions we desire, we study solutions

of the following boundary value problem

Aa+w%%:o, in §®, (1.24a)
(e, g(x)) = &(a), at 2 = (), (1.24b)
(x4 d, 2) = ez, 2), (1.24c¢)
OWClu| = z — 00, (1.24d)

which are outgoing, bounded, and quasiperiodic. The fourth condition (1.24d) mandates
that solutions are both outgoing and bounded and is known as the Outgoing Wave
Condition. To make these boundary conditions more precise, we first observe that for

z>a > |g|, the solution to (1.24) in S™ is given by

00 o0
Z apeioapx+i'y;z+ Z bpeioap:c—i'y;j’z' (1.25)

p=—00 p=—00
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In this setting (and in many other places in this thesis), we let p € Z, ¢ € {u,w}, and
define

2 (k1)? — a3, pelUs,
api=a+ (;) p, Vp= ? (1.26)
i az% - (kq)Qv p ¢ Uul,
and
Ut ={pez| a?) < (k9)%}. (1.27)

To enforce the requirement that our solution (1.25) is outgoing and bounded, we require
b, = 0. If b, # 0 then solutions will be inward propagating for p € U*, and unbounded
for p & U". To clarify what is meant by the Outgoing Wave Condition, we observe that
for p € UY, solutions are outgoing and the modes are “propagating.” In contrast, if
p & U", then solutions decay exponentially and the modes are known as “evanescent.”
Therefore the solutions of (1.24a) which satisfy the Outgoing Wave Condition, (1.24d),

are

o0
u(z,z) = Z ape T E, (1.28)

p=—00

A similar argument for z < —b < — |g| will show that solutions in the lower field which

satisfy the Outgoing Wave Condition are given by

o0
w(x,z) = Z byt Pt 2, (1.29)

p=—00

This leads to a domain decomposition of S where we introduce an “Artificial Bound-

)

ary” at {z = a} and define the truncated domain
Sga i =1{9(x) <z <a}.

We similarly define an “Artificial Boundary” in the lower field, S®), at {z = —b} and

define the truncated domain
Sg—b={-b<z<g(x)}.

We can now state a new boundary value problem that is equivalent to (1.24) as
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At + (k)% =0, in Sy, (1.30a)
iz, g(x)) = C¥(x), at z = g(x), (1.30b)
a(z +d, z) = %z, 2), (1.30c)
AT+ (k%)% =0, z > a, (1.30d)
=7, at z = aq, (1.30e)
0.t = 0,0, at z = a, (1.30f)
oz +d, z) = € (x, 2), (1.30g)
OWC[d] = 0, 2 — 0, (1.30h)
By the same analysis leading to (1.28), solutions to (1.30d) are of the form
(x,2) = i cpe Pz, (1.31)

p=—00

From (1.30e) it is clear that if we define ¥ (z) := @(z,a) and use 9(z,a) = @(z,a) then

[e.e] [e.e]
(z,2) = Z (Cpei’yga) elap+ivy (z—a) _ Z &peiapx—i-ifyg(z—a)’

p=—00 p=—00

where ip are the Fourier coefficients of ¢. To enforce (1.30f) we compute
e .
du0(w,a) = Y (i) dpe™™”,
p=—00

and define the Dirichlet-Neuman Operator (DNO)

T : o(z,a) = (0,0) (x,a), (1.32)
Equation (1.30f) now implies, at z = a,

0= 0,1 — 9,0 = i — T*[0] = . — T"[a],

where -
T[p()] = Y (iyp) dpe ™.
p=—00
A similar calculation can be performed in the lower field. At z = —band ¢(x) := v(x, —b)
we find

(o)
~ AW ; iAW ~ . iw
U(x, z) = E (dpewp b) elpT—1p (z4b) _ E wpezapx iy (z+b)7

p=—00 p=—00
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where 1&1) are the Fourier coefficients of 4. For z = —b and an equivalent representation
of (1.30) in the lower field, we deduce

0.0(x,—b) = Y (—in) hpe’r”. (1.33)

p=—00

Hence, we may state the boundary value problem in (1.24) and (1.30) equivalently as

At + (k)0 =0, in Sy, (1.34a)
iz, g(x)) = (“(=), at z = g(x), (1.34Db)
Wz +d, 2) = €%z, 2), (1.34c)
0.1 — T%[a) =0, at z = a. (1.34d)

The final condition (1.34d) is known as a Transparent Boundary Condition at the Ar-
tificial Boundary {z = a}. A similar analysis in the lower field shows that downward

propagating solutions which satisfy the Outgoing Wave Condition satisfy
. — T[] =0, at z=—b,

where
o0

TU[p(a)] = Y (i) dpe’™”,

p=—00

and the corresponding boundary value problem becomes

A+ (k)% = 0, in S, s, (1.35a)
w(x, g(x)) = ¢ (), at z = g(z), (1.35Db)
w(x +d,z) = iz, 2), (1.35¢)
D — T*[w] = 0, at z=—b (1.35d)

1.9 Thesis Outline

This thesis is divided into four parts, specifically: (1) Background and Introduction, (2)
Joint Analyticity of the Upper and Lower Fields, (3) Numerical Results and Scattering,
and (4) Concluding Remarks and Future Research. The “Joint Analyticity of the Upper
and Lower Fields” part is contained in Chapters 2—4. In Chapters 2 and 3, we discuss
our general strategy for establishing analyticity results which are based on a special
change of variables and the elliptic theory of Sobolev spaces. The concluding section
of these chapters details the mechanics of our HOPS algorithm and provides example
profiles where our algorithm is highly accurate and robust. Chapter 4 combines these

results to establish our main theorem (Theorem 4.6.1) which proves the existence and
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uniqueness of solutions to a system of partial differential equations with respect to both
interfacial and frequency deformations.

The “Numerical Results and Scattering” part is composed of Chapters 5 and 6. In
Chapter 5, we describe the Method of Manufactured Solutions as a tool to demonstrate
the accuracy of our HOPS algorithm. Then, in Chapter 6, we define the Reflectivity Map
as a way of computing the reflected energy stored by a periodic structure. We simulate a
large variety of scattering problems using a range of wavelengths and dielectric constants
in both the TE and TM propagation modes. The “Concluding Remarks” part is given
in Chapter 7 where we discuss several different possibilities for future research. Among
these, the most interesting is Section 7.4 where we analyze the necessary steps to extend

our analyticality theorem from two parameters to any finite integer M > 0.



CHAPTER 2

ANALYTICITY OF THE UPPER FIELD

2.1 Introduction

We now present all of the information necessary for establishing the analyticity of the
upper field and the upper layer DNO. Our strategy is to first remove the phase from
our governing equations in §2.2, introduce a domain—flattening change of variables in
§2.4, and then seek solutions as a joint Taylor series in two small perturbation variables:
an interfacial deformation (§2.4) and a frequency deformation (§2.5). These lead to
the TFE recursions (§2.6) from which we can use Sobolev space theory to establish
analyticity results. The analyticity of the upper field with respect to a single interfacial
deformation is established in §2.8 while the joint analyticity in two small perturbations
is established in §2.9. The third case for a single frequency deformation follows directly
as a special case of Theorem 2.9.2 and the analyticity of the upper layer DNO is proven
in Theorem 2.10.2. The concluding section of this chapter demonstrates a Fourier—
Chebyshev approach for simulating the TFE recursions giving a HOPS/AWE algorithm

whose advantageous numerical properties we explore.
2.2 Governing Equations Without Phase

In the upper field, we defined the geometry Sy, := {g(x) < 2z < a} where z is bounded
between a constant imposed by the Artificial Boundary {z = a} and the lower surface
g(z). The boundary value problem (1.34) defined in §1.8 gives an equivalent represen-
tation of the governing equations of linear wave propagation in a single homogeneous

material layer

At + (k)0 = 07 g(x) < z<a, (2.1a)
(e, g(x)) = &4(a), at = = g(x), (2.1b)
zl(a; +d, 2) = €%z, 2) (2.1c)

T"[a] = at z = a, (2.1d)

In our subsequent developments it will be convenient to consider periodic unknowns
rather than quasiperiodic ones. This can be readily achieved by the simple phase ex-
traction

u(z, 2) == e gz, 2), (2.2)

21
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where by (2.1c)

w(z +d, z) = e 7D (g 4 d, 2) = emilTFd) glady gy )

=g

= e % (x, 2)

= u(z, 2),
so the a-quasiperiodicity of @(x, z) implies that u(x, z) is d—periodic. We also compute
Opii(x, 2) = (ia)e"u(x, 2) + " Opu(r, 2),

%u(z, z) = (ia)?eu(x, 2) + 2(ia) e du(x, 2) + e C%u(x, 2),
Dz, 2) = "0 u(x, 2),
%u(z, z) = €% %u(x, 2).

These in turn imply

0= Al + (k%)% = —ae™™u + 2(ia) e Opu + €02 + e2%0%u + (k)% %y,
= e (Au + 2iad,u + ((k*)? — o?) u),

and, setting (7*)? = (k%)% — o2, (2.1a) becomes
Au + 2i0du+~v*u =0, g(r)<z<a. (2.3)
Similarly, the boundary condition (2.1b) becomes
u(z, g(x)) = e "u(w, g(x)) = e (x) = (“(x), at z = g(a).
As we will show in §2.3, the Transparent Boundary Condition for (2.1d) becomes
0; u(z,a)] — T*u(z,a)] =0, atz=a. (2.4)
Our governing equations are now

Au + 2iad,u + (%) *u = 0, g(z) < z < a, (
u(z, g(z)) = ¢*(), at z = g(z), (2.5b
wx +d,z) = ( 2), (2.5¢
9, [u(z,a)] — T"u(z,a)] at z = a. (2.5d
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2.3 Fourier Multipliers and the Dirichlet—Neumann Operator

In this section we examine the concept of a Fourier Multiplier and its relation to the
DNO T defined in §1.8 by (1.32). Our goal is to give an explicit representation of the
DNO T" and Transparent Boundary Condition, (2.1d), when we remove the phase.

We define a Fourier Multiplier, m(D), as the operator with the property that

m(D) [p(x)] := D m(p)dper.
p=—00

A classical derivative can be expressed as

Ozt = Z (mp)&peiapx = (iap)ip,

p=—00

and similarly for the operator T

T[] = Y (in)pe’™® = (ip).

p=—00

Due to the linear growth of oy, and ), it is easy to show that each maps the Sobolev
Space H*T! to H*. We recall our earlier definition of the DNO in §1.8 as

T : a(z,a) — (0,0) (z,a), (2.6)
where, above z = a,
a(sz) _ Z (apei’yga) eioapx—ﬁ-i’y;(z—a) _ Z 7’Zpez'ocpac—&-i’y;,‘(z—a)’ (27)
p=—00 p=—00
and
ﬂ(x,a) = Z ’(ﬁpeiapx = Qﬁ(l‘), 8Z’EL(SC,CL) = Z (ifyg)qﬁpeiapx‘ (28)
p=—00 p=—00
We now define
2 2
a=at (F)pmati 5= (T )n (2.9)

so that - ~
¢(:L’) _ Z J}pei(a—‘rﬁ)x — plax Z &peiﬁx _ eiazgu($)7

p=—00 p=—00
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where

“(z) == Z Qﬁpeim'

p=—00

Writing
o td) = e Do d) = 37 G = 37 e
p=—00 p=—00

shows that ("(z +d) = ("(z) and therefore (" is d—periodic. As in §2.2, we perform the

phase extraction

u(z, z) == e "4z, 2),

where, above z = a, equation (2.7) delivers
e ~
w(z, 2) = e 0% (g, 2) = Z PP (=),
p=—00

and, by equation (2.8),
U(I‘,CL) = Z qszeiﬁz’ 8/&(1‘,(1) = Z (ny;:)l&pelﬁx (210)

p=—00 p=—00

We then define the upper layer DNO without phase as
T :u(x,a) = (Ou) (z,a), (2.11)

so that by equation (2.10)

Z @peiﬁx] = Z (W;)ipeim- (2.12)

With this, we see that equations (2.10) and (2.12) satisfy the Transparent Boundary
Condition

O:u(z,a) — T"u(x,a)] = 0. (2.13)
2.4 Boundary Perturbation

We now apply the change of variables from Appendix C to (2.5) and start by focusing
on

Au + 2iadu + (74)*u = 0. (2.14)

The transformation rules produce the following transformation in the upper field
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This transformation maps the perturbed geometry S, , to the separable geometry Sp 4.
We will later show that the transformation enables not only a rigorous proof of analyt-

icity and convergence, but also provides a stable and highly accurate numerical scheme.
We then invert the change of variables to find
r=1, z= <CL_§($/)> 2+ g(a'),
which we use to define the transformed field as
u(z',2') = <:U', (a—g(m’)) 2 +g(:x’)> :
In Appendix C' we discuss the effects of this change of variables on the Helmholtz

equation, its derivatives, and the associated boundary conditions. In the upper layer we

have a domain S7, 7, (C.1), where
Therefore

and

a—2 a—z
EZ(&tQ)( a )7 ZU: .

(We omit Zp, since u = 0). In Appendix C' we show that the change of variables changes

the derivatives to

COy =C0Oy — Eaz’; Co, = 32/7

and the upper layer Helmholtz equation becomes
0 = div/[AV'W/] + B - V'u/ + 2C%iadu’ + C(* )/,
where, for S = C?,
A= ( S _EC>, B = (8,0) <_C>.
~EC 1+ E? E
For simplicity we drop the primed variables to realize

0 = div[AVu] 4+ B - Vu + 2Siad,u + S(v*)*u,
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and take a boundary perturbation approach by setting
g(x)=¢f(x), e e R, e K1, (2.15)
where, by following Appendix C, discover

A=A(e) = Ay + Aje + Age?,
B
S

B(e) = Bie + Boe?,
S(E) =59+ Sie + 5282.

Since a = h and £(x) = ef(z), we find

Ao = ((1) (1)> 5 (2.16&)
4 (A Ai”) 1 < “2f (- z)@f)) | (2.16D)
AT AP a\—(a—2)(0xf) 0
4y — (A A) _L ( r? (a - Z)f(axf)) | (2.160)
Agr A5 ) @ \(a—2)f(0:f) (a—2)*(0uf)
and
By = (B%> _ 1 <8xf) ) (2.16d)
B:) a\ 0
BCQE 1 _f(a:vf)
B — _ L 2.16
2 (B) @ (—(a - z)@f)?) | (210
and
Sp=1, S = —%f, Sy = %f% (2.16f)
So (2.14) becomes
Au + 2iad,u 4+ v*u = F(z, z; f,u,,7), 0<z<a, (2.17)

where

F(z,z; f,u,a,y) = —div[41 Vu] — div[A2Vu] — Bi1Vu — BaVu

(2.18)
— 251ia0,u — 51’72u — 2595a0,u — 52’72%

By (2.5d) the Transparent Boundary Condition for our governing equations without
phase is
0, u(z,a)] — T"u(z,a)] =0, atz=a. (2.19)
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For this boundary condition we begin with the top boundary and recall that such bound-
aries are flat for simplicity, i.e., u = 0. Therefore, we can multiply (2.19) by C = C(z)

to realize
CO; [u(z,a)] — CT"[u(x,a)] = 0.

So by the transformation rules in Appendix C for 0, and 0, (which induces the rule

T% — T% and u — o) with u = 0 we find
8. [/ (2, a)] — (1 — L") /R)TY [u/ (2, a)] = 0.
We rearrange to form
O [ (a', )] = T [/ (2!, a)] = P(a's 9,00),

where
1 /
P(2';g,u) = —=g(a"T" [u'(f,a)] .
a

We then drop the primed variables and write the boundary condition as
9z [u(z, a)] — T"[u(x,a)] = P(x; g, u).

These changes transform the governing equations without phase in (2.5) to

Au+ 2iadu + (v*)?u = F (z, 2 f,u, 0, 7") 0<z<a, (2.20a)
u(z,0) = " (x), at z =0, (2.20Db)

u(z +d, z) = u(z, 2), (2.20c)

0. [u(z,a)] — T"[u(z,a)] = P(z;g,u), at z = a. (2.20d)

2.5 Frequency Perturbation

We now perform an Asymptotic Waveform Evaluation by writing the illumination fre-

quency as
w=140w=w+dw, 0 €R, dK 1. (2.21)
With this we see that
EY=w/c" = (14 0)w/c" = (14 0)k" = k" + ok", (2.22a)
a=Ek"sin(@) = (14 0)k"sin(f) =: (1 +0)a = a+ da, (2.22b)

v = k"cos(0) = (14 9)k" cos(8) =: (1 4+ )" =" + ™. (2.22¢)
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We can relate the constants in the underscore variables by the relationship
o+ (1")" = (k). (2:23)
Then, since (y*)? = (6 + 1) ((k*)* — a?) = (6 + 1)*(v*)?, (2.18) becomes

F (:I:, z; fyu, 1“) = —div[4,Vu| — div[43Vu| — B1Vu — BoVu
— QSligaxu — 2Slig58xu — 5152(lu)2u — 2515(1“)211, — Sl (lu)2u
— 2855100,u — 2595000, 1 — 5’252(1“)% — 2525(1“)2u -5 (lu)2u.

Also, the left-hand side of (2.20a) becomes

Au + 2iad,u + 2iaddpu + 62 (1“)2u + 25(1“)211 + (l")Qu,
and the boundary condition for (2.20a) becomes

Au + 2iad,u + (lu)2u =F (x, z fou, 1“) , 0<z<a. (2.24)
We move all terms with § to the right—hand side to form

F (2,2 f,u,,9") = —div[A; Vu] — div[45Vu] — B1Vu — ByVu
— 2iad0,u — 6%(v*)*u — 26(y")*u
—28yiad,u — 2S1iad0u — S16%(7")?u — 2516(v*)%u — S1(v*)*u
— 2855100,u — 2S91000,u — 5252(1“)214 — 2525(1“)2u — 5 (lu)2u.

The boundary condition (2.20d) becomes
0: [u(z, a)] — Tg'[u(z, a)] = P(z; f,u),
where T} = Y corresponds to the case where § = 0 and
P(x; f,u) = —é(fff(x))T“ [u(z, a)] + (T* = T¢') [u(z, a)] .

Our governing equations are now

Au + 2iadu + (V) *u = F (2,25 g, u,a,7") 0<z<a, (2.25a)
u(z,0) = (“(x), at z =0, (2.25b)

u(z +d, z) = u(z, 2), (2.25¢)

9. [u(z,a)] — T¢u(x,a)] = P(x; f,u), at z = a. (2.25d)
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2.6 Transformed Field Expansions

In the previous two sections we made two smallness assumptions:

[1] Boundary Perturbation: g(x) =ef(z), e € R, e < 1,

[2] Frequency Perturbation: w = (1+d)w =w +dw, 0 € R, 6 < 1.
We now apply both of these assumptions and seek solutions of the form

u=u(x,z;¢e,0) ZZunmxz )™, (2.26)

n=0m=0

We will later show that these solutions are strongly convergent in Theorems 2.8.4 and

2.9.2. Inserting these into (2.25) produces the Transformed Field Expansions (TFE)

recursions
Aty m + 21003 m + (1) 2Unm = Fom (2,25 fyu,0,9"),  0<z<a, (2.27a)
Un,m(2,0) = Gy (), at z =0, (2.27b)
Un,m (T +d, 2) = Upm(z, 2), (2.27¢)
0, [tnm(2,a)] — To {un.m(x,a)] = Ppm(z; fru), at z = a, (2.274d)
where

me (x, z; fyu, a, 1“) = —div[A1Vup—1,m] — div[A2Vup_2m] — BiVug—1m
— BoVuy—9.m — 2000z Up m—1 — (1“)2un7m,2
— 2(7") tnm—1 — 2511005 Un—1,m — 251iQ0ptn_1,m-1 (2.28)
-5 (lu)Qunfl,m72 - 251(1“)2Un71,m71 -5 (lu)zunfl,m
— 28910, Un—2,m — 2521005 Un—2m—1 — S2(7"*)*Un—2,m—2

— 2% (") Un—2,m—1 — S2(7"*)*tn—2,m,

and
m

m(x; fou) Z Plun—1,(z,a) +Z _rluny(z,a)]. (2.29)

r=0
This is a method for computing the transformed corrections to the scattered field, wuy m,
with respect to both interfacial and frequency deformations. A major advantage of
the TFE recursions is that (2.27) never takes derivatives of u, ,, higher than second
order. This allows us to take advantage of the classical theory of elliptic boundary value
problems where we will carefully show that our solutions, u, are jointly analytic in the

appropriate Sobolev space.
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2.7 Sobolev Spaces and Elliptic Theory

We summarize the characterization of the Sobolev spaces H® = W*?2 applied in laterally
d—periodic functions relevant to scattering problems of interest to us. We know that any
d-periodic L? function

p(z +d) = p(z),

can be expressed as

o
W)= 3 e,

p=—00

2w 1 [ .
D = _— ( = — —tpr
E ( y >p7 fip d/o p(x)e” " dw.

We then define our x—periodic norms. For any L? function u = pu(x), we recall the

where

classical Sobolev norm for any real s > 0:

oo
lullts = Y- @Il ) =1+15

p=—00

For the L? function v = u(z,z) we require the classical Sobolev norm for any integer

s>0anda>0

ol == > <ﬁ>2@‘f>j€ lip()Pdz =" > B Nl g

¢{=0 p=—00 {=0 p=—00

With these norms, we define the following function spaces. First, for real s > 0,
H(10,d) = {u(x) € L2(10,d) | [lullms < o0} -
Also, for any integer s > 0,
H([0,d] % [0,a]) == {u(a;) € L2([0,d) x [0,a)) | [Jullms . < oo}.

With these we can now establish the following three properties based on classical elliptic
theory. The first property is the “Algebra Property” of Sobolev spaces which allows us
to estimate products of functions in our function classes. The second property is a
theorem which gives a rigorous statement of the “Elliptic Estimate.” The final property

provides a method of bounding translated elements in our function spaces.

Lemma 2.7.1. Given an integer s > 0 and any o > 0, there exists a constant M =
M(s) such that if f € C*([0,d]),u € H*([0,d] x [0,a]) then

[fullzrs < M flesllulles, (2.30)
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and if f € C*tY/2+9([0,d)), @ € HtY/2([0,d]) then there exists a constant M = M(s)
such that

||fﬂ||Hs+1/2 S M|f|cs+l/2+0 ||ﬂ||Hs+1/2- (231)

Theorem 2.7.2. Given an integer s > 0, if F € H*([0,d]) x [0,a]), ¢* € H**3/2([0, d]),
P € H5Y2((0,d)), then there exists a unique solution u € H52([0,d]) x [0,a]) of

Au(z, 2) + 2iadu(z, 2) + (v*)*u(z, 2) = F(z, 2), 0<z<a, (2.32a)
u(z,0) = ¢“(z,0), at z =0, (2.32b)
u(z +d, z) = u(z, 2), (2.32¢)
O:u(z,a) — Ty [u(z, a)] = P(x), at z = a, (2.324d)

satisfying
[ull vz < Ce{1F [ ms + 1| ooz + ([Pl grsrs2}y (2.33)

for some constant C. = Ce(s) > 0.

Lemma 2.7.3. Given an integer s > 0, if F € H*([0,d]) x [0,a]), then (a — 2)F €
H*([0,d]) x [0,a]) and there exists a positive constant Zg, = Z4(s) such that

@ = 2)Fllms < Zal Fl a5

The proof of these three properties is established in Appendix B.

2.8 Analyticity of the Boundary Perturbation

Before proceeding to the analyticity of the upper field, u, we present an analyticity

estimate for the Dirichlet data
Case) = Cho(w)e™
n=0

The following three lemmas will be invaluable in our subsequent analysis.

Lemma 2.8.1. Given any integer s > 0, if u € H*([0,d]) then
02wl s < [lwll s+

Proof. [Lemma 2.8.1] By the definition of our Sobolev norms,

[e.9] o0 [e.9]

l0sullFrs = Y B)*10uup* = Y BB < D Bl = Julfes.

p=—00 p=—00 p=—00
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Lemma 2.8.2. Let 17, q € {u,w}, be the DNO defined by (iqu) and s > 0 a positive
integer. Then for i € H¥T3/2([0,d]), we have

1 T3 o172 < Clro,ay 1¥ | rs+s/2,

for some C(jo,q) > 0.

Proof. [Lemma 2.8.2] Let Tg = (i7%) where ¢ € H53/2([0,d]). By (B.15),(2.9), and

the definition of our Sobolev norms,

”Tngsﬂ/z = Z ‘ 7/}/ p 25+1
p=—00
_ZWFTEM M+ZW§73M et
peU?

<3 Ol W+ZWAPM/MWQM C = max (k)2

peU? pgU? pedt
< 3 CUlpP B + Y Clay Pl P (5, € = max [1— (k) /a3
peuq pgU?
< Z maX{C 2a¢ C’} |7,/} | 23+1 + Z 2p2C|¢ | (p >25+1
pe—oco PEU
< 3 G, 5:max{c,2a20,2é}
p=—00
_ Z C~«|¢p|2<ﬁ>2(s+3/2)
p=—00
= Cll9]3sra/2-
O

Lemma 2.8.3. Given any integer s > 0, if f € C*+2([0,d]) then

Chollgs+srz < KBy (2.34)
for constants K¢, B; > 0.
Proof. [Lemma 2.8.3] We work by induction and begin with n = 0 where we choose

K¢ =[5 oll grs+3/2-

We now assume the estimate (2.34) for all n < 7 and note that

o= (- (L) et

2
o]
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From this and @ > 1 we find the bound

HC%,OHHS'*‘?’/? < ”Yu| M ‘f‘cs+3/2+<fHC%—LO”HS'*‘?’/?

< ") M |flgra K B

and we are done provided
Be > [y M [flgs+e O

We can now state our desired result for the analyticity of the transformed field

u = u(x, z;¢) with respect to the single perturbation parameter e.

Theorem 2.8.4. Given any integer s > 0, if f € C**2([0,d]) and (¥ € H*3/2([0,d))
such that
1ol gs+arz < KeBE, (2.35)

for constants K¢, B¢ > 0, then uno € H2([0,d] x [0,a]) and
[unoll s+ < KB™, (2.36)

for constants K, B > 0.

To establish this result we work by induction. They key estimate is encapsulated in the

following lemma.

Lemma 2.8.5. Given an integer s > 0, if f € C**2([0,d]) and

||un70||Hs+2 < KB", Vn<m, (2.37)

for constants K, B > 0, then there exists a constant C > 0 such that

ma { | Broll s, | Brollgerie} < KO{|flowsa B +1f20aB™ 2} (239)

Proof. [Lemma 2.8.5] We begin with Fj; ¢ and recall from (2.28) that

Fro (2, 2; f,u,0,9") = —div[A;1 Vug_1,0] — div[A2Vuz_20] — B1Vur_10
— BoVug_29 — 251ia0,un—1,0 — S1(7*)*um—1,0 (2.39)

— 289iadur—20 — S2(v*)*un—2,0.

Then from (2.16) we have
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”Fﬁ,o”%{s < HATxaxuﬁ—l,OH%—[Hl + HAgfzazUﬁ—l,OH%[sH + ”Afwamuﬁ—l,OqusH

+ | AT 0sum—1.0l|3e1 + | A5 Outim—2.0 || 37011 + | A5 Dstim—2.0||37041

+ | A5 aum 2,01l 1 + |45 0zun—2,0ll Fees + || BY uum—1,0ll75

+ | Bidzum—10ll7rs + | BS Oum—20llfrs + | B30:um—20ll75

+ HQSligazuﬁ_Lo ‘%{s + ||Sl (lu)2UH_17O||%{s + "2S2ig8xUﬁ_270H%Is

+ [1S2(v*)*un—2,0[| 7+
We now estimate each of these and apply Lemmas 2.7.1,2.7.3, and 2.8.1. We begin with

[AT* Orum—r0llgs+r = || = (2/a) fOrum—10ll go+s
< (2/a) M| flcs+1l[un—10ll re+2
< (2/a)M|flosn KB,

and in a similar fashion

[ AT Ozum—10ll o1 = || = (@ = 2)/a) (82 f)Dzum—10ll o+r
< (Za/a) M| flcst [lun—1,0l o+2
< (Za/a)M|f|cs+2 KB
Also,
[ AT Opuzi—1 .0l o+t = || = (@ = 2)/a) (00 ) Oxum—1,0l| o1
< (Za/a) MOy flossr |[um—1,0l pro+2
< (Za/a)M|f|cer: KB,
and we recall that A7* = 0. Moving to the second order
1457 Osur—2,0ll pror = 1|(1/0®) f*Opuz—2,0ll rsa

< (1/a®) M| flGws um—2,0 o+

< (1/a) M2 o K B2
Also,

| 4570, um—2.0l| gs+1 = | ((a — 2)/a®) f(Ou f) Optizm—2,0|| o1
< (Za)a®) M| flos+1|0u flos | um—2,0|| mrs+2
< (Za)a®)MP|f|2ei2 KB 2,
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and

and

|45 Opum—2,0ll o+ = [I((a — 2)/a?) f (82 f)D:um—2,0]| o+
< (Za/a*)M?| flot1|0u floss [um—2,0| o+
< (Za/a2)M2’f|és+2KBﬁ_2a

|45 0z um—20)| g1 = |((a — 2)%/a*) (02 f)* Oz uim—2,0|| grs+1
< (Z2)a®) M| 0y f1Zsir |[um—2,0|| s+

< (Z2)a*) M| flrs KB,

Next for the By terms

| BY Oxum—1,0

ms = [[(1/a)(0z f)Orun—1,0||rs
< (1 a)M|0x flos|um—1,0ll s+
< (l/CL)M‘f‘CerlKBﬁ_l,

and Bf = 0. Moving to the second order

and

1BS 0yun—20| i = [|(=1/a%) f(0r f)Bxim—2,0| e
< (1/a®) M| flcs|0s flos um—2,0ll s

< (1/a®)M?|f |30 KB 2,

1B30-un—20ll 1= = [|(~1/a®)(a — 2)(0s f)*suzm—2,| =
< (Za/a*) M2 f|2s |um—2,0 o1
< (Zafa®) M| f |20 KB 2

To address the Sy, S1,S2 terms we have

1251120 um—10| s = ||(—4/a)iafOrun—10l| ms
< (4/a)aM|flcsllum—1,0ll s+
< (4/a)aM|f|csKB" 1,
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and
151(v*) w10l s = I1(=2/a)(v*)? fum—10ll
< (2/a)(y")* M| flcs|lum—1,0] ars
< (2/a)(v*)’M|fles KB™ ™,
and
= |[(2/a®)iaf?Opun—2,0 g
< (2/a*)aM?|f|2s
< (2/a*)aM?|f|3KB" 2,
and

= [[(1/a*) (") fPum—2,0] a5
< (1/a®)(y*) 2 M| £ |Gs lum—2,0|| o
< (1/a®)(y")* M| f|gs KB 2.

152(") um

We satisfy the estimate for || Fy ||z provided that we choose

_ 3427, + 4o+ 2(4%)? 24374+ 7%+ 2a + (44)?
C>max{( 2 (7)>M,< i (7)>M2}.

a a?

The estimate for 15%,0 follows from Lemma 2.8.2

1Prollggseire = || = (1/a) S Tg! [um—1,0] o172

< (Y a)M|flgstr/o+o|[To [un—1.0] || gro+1/2
< (/a)M|flgss1/2+0 Crgllun—10ll grs+s/2
)

< (1/@ M‘f‘cs+1/2+gCTérKBﬁfl,

and provided that
> (1/ a)MCTg,

we are done. O

With this information, we can now prove Theorem 2.8.4.
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Proof. [Theorem 2.8.4] We proceed by induction in n. At order n = m = 0 (2.27)

becomes
Augp + 2iadyuoo + (1) *uo0 = 0, 0<z<a, (2.40a)
uo0(z,9) = Coo(®), at z =0, (2.40b)
uo,0(x + d, z) = uo (2, 2), (2.40c)
0 [uo,0(z,a)] — T [uoo(z,a)] =0, at z = a, (2.404)

and Theorem 2.7.2 guarantees a unique solution such that

luooll stz < CellCpoll s+

So we choose K > Cl|(§ ol frs+3/2- We now assume the estimate (2.36) for all n < 7 and

study ug,0. From Theorem 2.7.2 we have a unique solution satisfying

lumollgs+2 < Ce{ll Frollas + 1620l govar + 1 Proll gosisa s

and appealing to Lemmas 2.8.3 (with the hypothesis (2.35)) and 2.8.5 we find
lumollpz=s2 < Ce { KBE +2KC||flge2B™ " + | fsa B2 |
We are done provided we choose K > 3C. K and

B > max {B<,6ceé| Flost2, \/6C.C] f|os+2}.

O
2.9 Joint Analyticity of the Upper Field
We now turn to the joint analyticity estimate for the Dirichlet data
CUase,8) =D > (Y ()emd™,
n=0m=0
The following lemma expands on Lemma 2.8.3.
Lemma 2.9.1. Given any integer s > 0, if f € C*72(]0,d]) then
IChmll sz < KeBEDE,  ¥no >0, m >0, (2.41)

for constants K¢, B¢, D¢ > 0.

Proof. [Lemma 2.9.1] We begin with an induction on m where for m = 0 we need to

show that
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ICnoll grs+3r2 < K¢BE,  ¥n >0, m=0.

This result has previously been established in Lemma 2.8.3. Next, we assume the esti-

mate (2.41) for all n, m < m and note that

Gt = (=02 (L) 6t

(2)-2(27))

From this and m > 1, D¢ > 1 we find the bound

where we have used

Gl rstsre < 0V M| flestsroie [C-1m—1ll govsre
<" M |flesr2 K BE DT
< "] M |fles+2KBE DT,

and we are done provided
Be > 7" M [flgs+e

We can now establish our desired result for the joint analyticity of the transformed

field u = u(x, z;¢,0) with respect to the perturbation parameters £ and 4.

Theorem 2.9.2. Given any integer s > 0, if f € C**%([0,d]) and (¥, € H53/2([0,d))
such that
Gl a3z < K¢BEDE, (2.42)

for constants K¢, B¢, D¢ > 0, then wy,, € HY2([0,d] x [0,a]) and
| unm |l prs+2 < KB"D™, (2.43)

for constants K, B, D > 0.

To establish this result we work by induction. The key estimate is encapsulated in the

following lemma.

Lemma 2.9.3. Given an integer s > 0, if f € C*T2([0,d]) and

[tnmllgs+2 < KB"D™, ¥V n >0, m<m, (2.44)
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for constants K, B, D > 0 then there exists a constant C > 0 such that

max{ || Fy 7 || ms,|| Pl ros1/2 } < KC{B”Dml +B"D™ 2 4 | f|lost2B"ID™ +
|f|CS+2Bn71Dm71 + ‘f‘os+2Bn71Dm72 + |f’%‘g+ani2Dm +

B 207 4 |18 2072,

Proof. [Lemma 2.9.3] We begin with F}, 7 and recall from (2.28) that

Fog (2,25 f,u,0,7") = =div[A1 Vun 1] — div[A2sVun—am] = BiVun—1m
— BoVun_a5 — 2i00ptn -1 — (1) tn,m—2
_ 2(1“)2un,m—1 — 2511003 Un—1m — 2511003 Up—1m—1  (2.45)
= 817" un—1,m-2 = 251" *un-1m-1 = S1(3")*tn-1,m

— 25910 Un—2m — 252100, Up—2m—1 — SQ(lu)Quan,ﬁfQ

— 28 (") un—2m—1 — S2(7"*)*tn—2.77.
Then from (2.16) we have

HFn,mHJZLIS < HAfxamun—l,mH%{sH + HAgchazun—l,mH?{sH + HAfxax“n—l,WHJQLISH
+ ||A‘fz&zun,1’m||%{5+l + ||Ag2mawunf2,m”%{5+l + |]Agzazun,27m||§{5+1
+ ||A§$axun72,ﬁ”§15+1 + HAgzazuanmH%{sH + ”Bfamunfl,m”%fs
+ ||Bf8zun—l,m||%is + ”Bgaﬂc“n—lm”%ﬁ + HBgazun—?,ﬁH%{S
+12ia0sunm-1llEe + 117" unm-2lFrs + 1200*) w1l 7rs
+ |1281ia05un—1 77 + 12515005001 mm-1 775 + 151 (7*)*tn—175—2|1 775
+ 11281 (1) *un—1 -1l + 151(0") wn—1,mllFre + (12526000 un—2,ml| s

2

+ 1282100 un—2m-1l7rs + [152(1") un—2m-2llFrs + 1282(7")*un—2m-1l7rs

+ 152" *tn—2,m| s -

We now estimate each of these and apply Lemmas 2.7.1,2.7.3, and 2.8.1, beginning with

AT Bt mll o = || = (2/@) fOrtt— 1l ot
< (2/a)MIf oot lltn—1 ml o+
< (2/a)M|f|¢i KB D,
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and in a similar fashion

[AT*Ocun—1ml s = || = ((a — 2)/a)(0e f)Oztin—1ml| =1
< (Za/a) M0y flostr|[tn—17m| prs+2
< (Zy/a)M|f|csr2 KB D™,

Also,

HAfxaxun—l,WHHSH = - ((a— Z)/a)(awf)axun—lﬁHHSH
< (Za/a) MOz fl st ||un—1,m | go+e
< (ZaJa)M|f|cs+2 KB ' D™,

and we recall that A7* = 0. Moving to the second order

1A5® Ostn—2 | o1 = [[(1/a) f2Outtn—2m | o
< (1/a®)MP| f[Gonr un—2. | rrs+2

< (1/a*)M?|f|2e KB"2D™.

Also,
1452 0z tin—2m || r1 = || ((a — 2)/0°) f (02 f) Outin—2 | prs1
< (Za)@®)M?|fl o110 f st |tn—2.7]| rs+e
< (Za)a®) MP|f|Ger2 KB 2D,
and
A5 Oxtin -l rs+1 = |((a — 2)/a®) f(Ouf)Ostin—2| prss1
< (Za)@®)M?|f| o110 f s |tn—2,m]| rs+e
< (Za)a®) MP|f G2 KB 2D,
and

1A5° 0z tn—2.mll o1 = [|((a = 2)°/a®) (00 f)*Ozttn—2.ml| prs 2
< (23)a®) MP10s f |G [un—2m rs+2

< (22)a*) M| fours KB" 2D
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Next for the By terms

| BY Oxtin—1ml s = ||(1/a)(0r f)Oxtin—17ml 1
< (1/a)M|0y flcs |[tn—1ml| g+
< (1/a)M|f|cs+1 KB" D™,

and Bf = 0. Moving to the second order

| B5 Otin—2m| s = [|(=1/a%) f (s f ) Outin—2.m|| s
< (1/a®) MP| flcs|0n flos || ttn—2,m | s
< (1/a*)M?|f|¢n KB 2D,

and

1B50: un—2mlls = (~1/a%)(a — 2)(0s.f)?O:ttn—2 -
< (Za/a2)M2|8:vf’%'S Hun—Q,mHHerl
< (Zy)a?) M?|f|2es s KB 2D™,

To address the Sy, 51,52 terms we have

12iadzunm—1llme < 2a)unm-1ll s

< 20K B"D™ L,

and
1Y) ungm—2llms < (V) [|unm—2l ms
< (lu)QKBnDﬁ—Q’
and
120)? tn g1l s < 2(3*)? [[tim 1| s
S Q(XU)QKBan_l,
and

||251'L'Qazunfl,m”Hs = ||(_4/a)igfazunfl,m”H5
< (4/a)aM| fles |lun—1mll s+
< (4/a)aM|flc- KB D
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and

1251120 un—1m—1lms = ||(—4/a)iafOrun—1m—1| ms
< (4/a)aM|flcs|lun—1m—1llgs+r

< (4/a)aM|f|cs KB"'D™ 1,
and

191 (v un—1m—2ll s = I1(—2/a)(4")? fn—1,m—2 ms
< (2/a)(y")* M| flcs|un—1,m—2 ms
< (2/a)(y"*)*M|flcs KB" ' D"2,

and

1281 (v") 2 tn—1m—1llms = 11(=4/a)(v*)* fun—1m—-1 | s
< (4/a)(v")*M|flcs | un—1 -1l ms
< (4/a)(y")*M|f|cs KB D™,

and

1517 2 un—rmll s = [1(=2/a)(4")? fron—1.7m ] -
< (2/a)(

lu)2M|f|CSHUn—1,m”HS
< (2/a)(v*)*M|f|cs KB" ' D™,

and

1282100 un—2,mllrs = [|(2/a?)iaf?dsun—2,ml| 1
< (2/a*)aM?| f[Esl|un—2.m| s

< (2/a®)aM?|f|gs KB"2D™,
and

12S2idptin—2m 1l g = 1(2/a®)iaf>Optin_2m—1| s
< (2/a®)aM?| G lun -1 || e

< (2/a*)aM?|f| KB D™ 1,
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and
1S2(¥*) 2 un—am—2ll s = [(1/a*) (V") FPun—sm—2| s
< (1/a®) (v M| f|&s [ ttn—2,m—2] 1+
< (1/a®)(v*)*M?| fl&s KB 2D™ 2,
and
1252(v*) ?tn—2m-1llzs = 1(2/a*)(v*)* fun—2m 11 s
< (2/a®) ()P M| flés llun—2m—1 | 1s
< (2/a®)(v")*PM?|fl&s KB 2D,
and

1S2(3" ) *un—2mll 11 = 11(1/0*) (") F*tn—2 7| 2+
< (1/a®) (4" )2 M2 | f[Es | tn—2.77 | =
< (1/a®)(y") M?|f[¢- KB"2D™.

We satisfy the estimate for ||1*:'nm\| s provided that we choose

_ 3427, + 8a + 8(y%)?
C>max{<2a+3(ryu)2>’( + +8a + 8(v*) >./\/l,

a

(2+3Za + 72 +4a—|—4(’y“)2> MQ}.

a?

The estimate for ﬁn,m follows from Lemma 2.8.2

m m—1
[Poa] .00 = \ @)Y Tl + Y T ]
r=0 r= Hs+1/2
(1/a)M|f|CS+1/2+n Z H m—r un 1,r HH3+1/2 + Z H —1 [un,T]HHs+1/2
r=0
m—1
(1/G)M‘f|cs+1/2+nCT“ Z ”Un 1 r”Hs+3/2 + CTU Z ”Un 'r'”Hs+3/2
r=0 r=0
_ Derl -1 D™ _1
< (1) M{f|gos1/21n CruE B (D_l) O KB ( - )
—1m — D
< (1/a) M| f|goss/2snCu KB 1D (D_1> ¢ CruK BT D! (D_1> |

and we are done provided that D > 2 and

C > max {(1/a)MCqpu,Cru}. O
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With this information, we can now prove Theorem 2.9.2.

Proof. [Theorem 2.9.2] We proceed by induction in m. At order m = 0 (2.27) becomes

Aty o + 2100, tn0 + (V) uno = Fup (7,2 f,u,0,9") 0<z<a, (2.46a)
uno(, 9) = ¢4 o(2), at z =0, (2.46b)

uno(x +d,z) = Uno( z), (2.46¢)

9y [uno(z,a)] — T§ [uno(z,a)] = (z), at z = a, (2.46d)

and Theorem 2.8.4 guarantees a unique solution such that
llunoll gs+2 < KB™, Vn>0.

We now assume the estimate (2.43) for all n,m < m and study u,m. From Theorem

2.7.2 we have a unique solution satisfying

lunmll sz < Celll Engall s + Gzl gosr + | Paall a2}

and appealing to Lemmas 2.9.1 (with the hypothesis (2.42)) and 2.9.3 we find

[unmll sz < CE{KCB§D?+ ZKC(B”D’”‘1 + B"D™ 2 4 |f|per2 B" D7 +
|flos+2B" 'D™ 4 | st B" DT 4 | f|22 B2 DT +

’f%Han*sz*l + |f’%s+2Bn2Dm2> }
We are done provided we choose K > 9C. K and

B > max {BC, 18C.C|f|pos2, 1/ 18C.C] f|03+2},

D > max {1, D,18C.C,\/18C,C}.

2.10 Analyticity of the Upper Layer DNO

Now that we have established the analyticity of the transformed field, u = u(z, z; ¢, 9),
we move on to establishing the analyticity of the DNO, G(g) = G(ef). The Dirichlet
trace is defined by

¢“(z) := u(z, g(2)),
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and its exterior Neumann counterpart is defined as
vi(z) == [=N - Vul(z, g(z)) = [-0-u + (029)Orul(x, 9()), (2.47)
where N = (—0,g,1)T. With this we define the DNO
G(g) =" = v, (2.48)
which maps the Dirichlet data, ¢*, to the Neumann trace, %,
G(9)[¢"] = [-0:u + (029)0pu] (2, g(x)). (2.49)

We now analyze how the operator G(g) behaves under the change of variables in Ap-

pendix C. To do this, we multiply (2.49) by C(x) to realize
CG = —Coyu+ (0,9)COyu.
The differentiation rules for the change of variables, (C.5),
COp =C0y — E0y, CO, =0y,

produces
CG = —azlu/ + ((%yg){C'axlu/ — Eazlu,}.

These are evaluated at the lower boundary, 2/ = 0, where we observe that
N 9 10y —
C(;E)—l—*, E($70)_8x’ga
a

to find

(1 - g) G = —0.u + (9y9) {(1 - g) Oyt — (8z/g)(9zfu’} .

a

We solve for G and drop the primes to find
with

H(w: 9,u) i= (020)0pu(r,0) + ~gG{g)C"

1 (2.51)
~ —9(029)0ru(z,0) — (Dag)*D:u(x,0).
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Upon setting g(z) = ¢ f(z) and seeking an expansion of the form

G = G(€f, 5) = Z Z Gn,m(f)gn(sma

n=0m=0

the equations (2.50) and (2.51) deliver
Gn,m(f)[gu] = _8zun,m(x’ O) + Hn,m(m; f7 u), (252)
by which

Hoan(5 £,0) 1= (00 )0sttn1.n(2,0) + S G tn(1)[C"

| (2.53)
- af(amf)arun—lm(xa 0) - (8mf)2azun—2,m(w7 0)

To prove the analyticity of the DNO we will need the following recursive estimate for
Hyom.

Lemma 2.10.1. Given an integer s > 0, if f € C*7%([0,d]) and
tnmllgsre < KB"D™,  ||Gpunllgssiy2s < KB"D™, ¥n <@, m>0,  (2.54)

for constants K,B,D,K,B,D > 0 where K > K,B > B,D > D, then there exists a
constant C > 0 such that

| Hagnll oz < KC{|flousa B 1D 4 |f2ua B 25" (2.55)

Proof. [Lemma 2.10.1] From (2.53) and Lemma 2.7.1 we estimate

| Hsm || grs+172 < MOz flgst1/2+0 || Optim—1,m (2, 0) || s+1/2
1
+ Ml flossrrzee | Grmrm (FICH ] /2
1 2
+ aM ‘f|cs+l/2+d ’amf‘cs+1/2+o' HaxU/ﬁ_QJn(fU, O)‘|H.S+1/2
+ M2‘6xf%s+l/2+a |0z um—2,m (2, 0) || grasa/2.

This gives

% S 1 [
”Hﬁ,m”H5+1/2 < K{M|f|0s+an_1Dm —+ 5M|f’08+2Bn_le

1 o o
M| B2 + MR e BP0
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and we are done provided

C > <1 + 1) max{M, M?}.
a

We now have everything we need to prove the analyticity of the upper layer DNO.

Theorem 2.10.2. Given any integer s > 0, if f € C**2([0,d]) and (¥, € H53/2((0, d])
such that
1 m | grs3r2 < KeBEDE,

for constants K¢, B¢, D¢ > 0, then Gy, € H*YY/2((0,d]) and
IGrmll gssre < KB"D™, (2.56)

for constants K, B, D > 0.

Proof. [Theorem 2.10.2] As before, we work by induction in n. At n = 0 we have from
(2.52) that
GO,m = —3zuo,m(fl?7 0)7

and from Theorem 2.9.2 we have
1Go,ml grs+172 = 10210,m (2, 0) || grss1/2 < [[uoml grsv2 < KD™.

So we choose K > K and D > D. We now assume B > B and the estimate (2.56) for
all n < m and estimate (2.52)

1G7m (P 172 < N[Ozt m (@, 0 gosase + | Hapm ()| sz
Using the inductive hypothesis, Lemma 2.10.1, and Theorem 2.9.2 we have
G W gessso € KB™D™ + RC {|flees B0 4| fia B2 D
We are done provided K > 2K and
B2max{B,4C~']f\cs+2,2\@]flcs+2}. O

2.11 Numerical Method

We explain in detail in Chapter 5 how our numerical scheme is validated using the

Method of Manufactured Solutions. In this section, we present the process of simulating
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a manufactured solution in order to evaluate the accuracy of our numerical scheme in
the upper field. We start by considering the basis function

21p

1prtivy z ]5 —
) )
d

v, (7, 2) =e
where the phase exp(iax) is removed. In order to test our algorithm we will utilize the
exact Dirichlet/Neumann pairs defined below by {(, v'}. Our strategy will be to select
a particular wavenumber, say p = r, and a profile g(x) = ef(x) where € > 0 is small

and our manufactured solutions are

Cu(x) - ATez’ﬁlc-i-i’Yffél(90)7 (2.57&)
vi(x) : = [0ur + (0p9)0rur](z, g(x))

2.57b
= [~ (i) + £(0p f) (i7)) A et el (@) ( )

To perform our tests, we will first send (' to our algorithm and then compare our
approximation to v}*. Our algorithm is a Fourier spectral method (86; 87; 88) where we
sample ¢} at equally spaced gridpoints on [0, d], and use the TFE recursions to generate
v at the same, equally spaced gridpoints. To make the specification precise we solve, at

every desired perturbation order n and m, the elliptic boundary value problem, (2.27),

At + 2i005Unm + (V) Uunm = Fom (2,2 fu,0,9"),  0<z<a, (2.58a)
Up,m(2,0) = Crrm (), at z =0, (2.58b)

Unm (2 +d, 2) = Upm (2, 2), (2.58¢)

. [t (2, a)] = Te {tn.m(x,a)] = Ppm(z), at z = a, (2.58d)

followed by the simulation of the n—th and m—th correction of the DNO, (2.52),

Grm(f)[C"] = _8zun,m($’0) + Hn,m@; fru).

We begin by choosing the maximum perturbation orders, N and M, and then approxi-

mate
u(z, z;6,0) = uNM(z, z; ¢, 0) Z Z Up,m (2, 2)e™6™, (2.59)
n=0m=0
G(xie,0) = GNM(a3e,6) Z Z Gm(z)e"0™, (2.60)
n=0m=0
where, by the periodicity of solutions, we write
~ 0 .~
Un,m (T, 2) Z Uy p W, Gnm(z) = Z Gpmpe™. (2.61)

p=—00 p=—00
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Each of these wuy, ,(z,2) are then simulated by a Fourier-Chebyshev approach which

posits the form

Nz/2—1 N, o
Unm (T, 2) & ul 5N (2, 2) == Z Zunmpge P < > ;

a
p=—N /2 {=0

where Ty is the /~th Cheybshev polynomial. The unknowns, ,, ., 5 ¢ are recovered from

(2.58) by the collocation approach (86; 87; 89; 90; 91). More specifically, our HOP-

S/AWE algorithm requires N, x N, unknowns at every perturbation order (n,m). As

our problem is x—periodic, the Fourier spectral method in the lateral direction requires

N, equally—spaced gridpoints. However, our problem is not z—periodic, so the Cheby-

shev spectral method in the vertical direction requires N, + 1 collocation points where
=2 5 cos(tr/N.), £=0,...,N,.

a

We then simulate the upper layer DNO from (2.52), where the coefficients Gy, ;,, from
(2.61) are approximated by

Nz /2—1

Grm(z) = G (@)= Y Gumpe™ (2.62)
p=—Ne/2

and the G’n,m,p are recovered from the iy, p . Inserting the expansions (2.61) into
(2.58) gives

02t mp(2) + (2

U2 = 5 = 20p) tnmp(2) = Famp(2),  0<z<a,  (263a)

Up,mp(0) = at z =0, (2.63b)

0 Jitnmp(@)] = T [n.mp(a)] = Prmnp, atz=a.  (2.63¢)

We can solve this two—point boundary value problem by the Chebyshev collocation
method and we now turn to a numerical implementation of our HOPS/AWE algorithm
in Matlab. To begin, we approximate the upper layer Dirichlet and Neumann data

through the expansions

Ng,N.,N,M __ NI,NZ n5m Ng,Nz,N,M _ NI,NZ n(sm
TFE E:E: » VTrE EEV )

n=0m=0 n=0m=0

from which we can compute the relative errors

Nz, N,M
Cr CT:C - ‘

‘Cr |L°°

Error ¢ = Errorrpg(Ng, N, N, M) :=
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Nax,Nz,N,M

U
vy —VrpE Jo0

Error v,' = Errorppg(Ng, N, N, M) :=

V| oo

2.12 Padé Approximation

We conclude our discussion of numerics by considering how the Taylor series in (e, )

are summed. For example, regarding the DNO, G, the approximation of Gp(e, ) by

N M
GAéV’M(a,é) = Z Z Grmpe™o™,

n=0m=0
cf. (2.62). The technique of Padé approximation (92) has been used with HOPS methods
to great advantage in the past (65; 93) and we advocate its use here. Classically, this

approach seeks to estimate the truncated Taylor series of a single variable

N
QN(p) =D Qup" = Q(p),
n=0

by the rational function

L
ak(p)  Sigam’

L/M = =
[/]“’zmw 1+ 57 bppm

., L+M=N,

and
[L/M](p) = QN (p) + O (p"TM*1)

where well-known formulas for the coefficients {ay, b,,} can be found in (92). Padé ap-
proximation enjoys greatly enhanced convergence properties and we refer the interested
reader to §2.2 of Baker & Graves—Morris (92) and the insightful calculations of §8.3 of
Bender & Orszag (94) for a thorough discussion of the capabilities and limitations of
Padé approximants.

In the current context of functions analytic with respect to two perturbation variables

we utilize the polar coordinates
e =pcos(f), &= psin(0),
and write the function

Gyle,8) = i i Gm pe™ ™

n=0m=0

35 (Grmpcos™ (@) sia™(0)) 7

n=0m=0
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Letting £ = n 4+ m and s = m we can write this as

) 4 [e%S)
e ) = { Gty sp 005" (0) sin%e)} o =3 G0,
0 =0

=0 s=

We then select particular values of § = 6; between 0 and 27 and apply classical Padé
approximation on the resulting {Gy,(6;)} as a function of p alone.

2.13 Numerical Results

For our first simulation we considered an analytic profile with the following parameters

A=121, N,=32, N,=32, N=M=4.

In Table I we report the results of our tests using both Padé and Taylor summation.

N M Error ¢V (Taylor) Error (¥ (Padé) Error v (Taylor) Error v* (Padé)
0 2 2.05326e-06 2.05326e-06 7.82969e-07 7.82969e-07
0 4  2.05326e-06 2.05326e-06 7.82969e-07 7.82969e-07
1 2 2.05326e-06 2.05326e-06 7.82969e-07 7.82969e-07
1 4 2.05326e-06 2.05326e-06 7.82969e-07 7.82969e-07
2 2 298167e-12 3.84881e-15 9.68942¢-13 2.11309e-13
2 4 298167e-12 3.84881e-15 9.68942¢-13 2.11309e-13
3 2 2.98167e-12 3.84881e-15 9.68942¢-13 2.11309e-13
3 4 2.98167e-12 3.84881e-15 9.68942¢-13 2.11309e-13
4 2 2.98167e-12 3.84881e-15 9.68942¢-13 2.11309e-13
4 4 3.84181le-15 3.85621e-15 2.11309e-13 2.11301e-13

TABLE I: Relative Error, Error (' and Error v, versus perturbation orders N and
M, for the TFE approximations to the Dirichlet data, ¢ (2.57a), and the Neumann
data, v} (2.57b), where we used both Taylor Series and Padé approximants. Parameter

choices are specified above and both € and § are small.

As we can see by expanding through orders 0 < N, M < 4, our HOPS/AWE al-
gorithm quickly obtains spectral accuracy provided we have small values of € and 4.
Expanding on this, we generate two figures with the existing parameters in our analytic
profile. In Figure 4, we keep ¢ = 107% and § = 10~® fixed while we plot the Relative
Error for ¢} and v} as we expand through 0 < N, M < 4 Padé orders. In Figure 5, we
keep N = M = 4 fixed and plot the Relative Error for ¢} and v* as we expand through
0<e<10%and 0 <§ <108 with Padé summation.
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Relative Error Relative Error
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Figure 4: Plot of Relative Error for ¢* and v* with fixed ¢ = 107% and § = 1078, Our

HOPS/AWE algorithm used Padé summation and expanded through 0 < N, M < 4

Padé orders. Physical parameters are reported in the analytic profile above.
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Figure 5: Plot of Relative Error for (' and v with N = M = 4 fixed. Our HOPS/AWE
algorithm used Padé summation to expand through 0 < e < 1076 and 0 < 6 < 1078,

Physical parameters are reported in the analytic profile above.

In light of this, we ask the natural question - what is the maximum size of the grating
deformation, ¢, and frequency perturbation, §, necessary to achieve spectral accuracy?
To investigate we considered a significantly larger perturbation in both ¢ and § and

simulated the same profile with the following parameters
flx) =€ a=0, =002, 6§=0001, d=2r, r=2,

A, =-3, 4*=121, N,=32, N,=32, N=M=4.

In Table II we report the results of our tests using both Padé and Taylor summation.
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N M Error ¢V (Taylor) Error ¢ (Padé) Error v (Taylor) Error v* (Padé)
0 2 0.0393875 0.0393875 0.0151348 0.0151348
0 4 0.0393875 0.0393875 0.0151348 0.0151348
1 2 0.0393875 0.0393875 0.0151348 0.0151348
1 4  0.0393875 0.0393875 0.0151348 0.0151348
2 2 0.00110548 2.06154e-05 0.000398635 1.88162e-05
2 4 0.00110548 2.06154e-05 0.000398635 1.88162e-05
3 2 0.00110548 2.06154e-05 0.000398635 1.88162e-05
3 4 0.00110548 2.06154e-05 0.000398635 1.88162e-05
4 2 0.00110548 2.06154e-05 0.000398635 1.88162e-05
4 4 3.23201e-05 8.02125e-06 1.26113e-05 5.0552e-06

TABLE II: Relative Error, Error ¢} and Error v}, versus perturbation orders N and

M, for the TFE approximations to the Dirichlet data, ¢ (2.57a), and the Neumann

data, v} (2.57b), where we used both Taylor Series and Padé approximants. Parameter

choices are specified above and both € and § are large.

At first, these results are slightly alarming. Continuing in the same manner as the

analytic profile, we provide two more figures for the same test parameters. In Figure 6,
we keep ¢ = 0.02 and 6 = 0.001 fixed while we plot the Relative Error for ¢} and v}’
as we expand through 0 < N, M < 4 Padé orders. In Figure 7, we keep N = M =4
fixed and plot the Relative Error for ¢} and v as we expand through 0 <& < 0.02 and
0 <4 <0.001.

M

3.5

2.5

1.5

0.5

Relative Error

-1.5

'
L+

1 2
N

(a) Error ¢ (Padé)

Relative Error

(b) Error v} (Padé)

Figure 6: Plot of Relative Error for ¢ and v} with fixed ¢ = 0.02 and 6 = 0.001. Our
HOPS/AWE algorithm used Padé summation and expanded through 0 < N, M < 4

Padé orders. Physical parameters are reported above where both € and § are large.
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Relative Error Relative Error
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Figure 7: Plot of Relative Error for (" and v with N = M = 4 fixed. Our HOPS/AWE
algorithm used Padé summation to expand through 0 < e < 0.02 and 0 < § < 0.001.

Physical parameters are reported above where both € and § are large.

We then simulated the same profile with
fl@)=e®  a=0, £=002, 6=10"°% d=2r, r=2,
A, =-3, 4“=121, N,=32, N,=32, N=M=3§,

where we now expand through 0 < N, M < 8 Padé orders and have a smaller frequency
perturbation. In Figure 8, we keep ¢ = 0.02 and § = 1076 fixed while we plot the
Relative Error for ¢ and v as we expand through 0 < N,M < 8 Padé orders. In
Figure 9, we keep N = M = 8 fixed and plot the Relative Error for (' and v;* as we
expand through 0 < & < 0.02 and 0 < § < 1076,

Relative Error Relative Error

'
w

=4 -4
3 5
2 6
1 ; 1 7
0 & 0 -
0 2 4 6 8 0 2 4 6 8
N N
(a) Error ¢ (Padé) (b) Error v (Padé)

Figure 8: Plot of Relative Error for ¢* and v* with fixed ¢ = 0.02 and § = 1075. Our
HOPS/AWE algorithm used Padé summation to expand through 0 < N, M < 8 Padé

orders. Physical parameters are reported above where ¢ is large and § is small.
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Relative Error Relative Error
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Figure 9: Plot of Relative Error for (' and v} with N = M = 8 fixed. Our HOPS/AWE
algorithm used Padé summation to expand through 0 < & < 0.02 and 0 < § < 1075,

Physical parameters are reported above where ¢ is large and § is small.

Further testing shows that our HOPS/AWE algorithm is better suited towards larger
perturbations of €, which deforms the surface z = g(z), in comparison to large deforma-
tions of d, the frequency. Several factors may be contributing to this effect, including
the method by which the DNO, G, recovers surface data from the transformed field. As
a result, a more detailed analysis will be performed in Chapter 7. In Appendix A, we
provide several code samples which highlight some of our Matlab work. The first sub-
routine discusses the strategy used to calculate the transformed field, u = u(z,y;e,9),
while the second subroutine explains how we calculate interfacial data by the upper
layer DNO, and the third subroutine clarifies how we invert the operator Agg. We are

now ready to analyze the lower field.



CHAPTER 3

ANALYTICITY OF THE LOWER FIELD

3.1 Introduction

In the same spirit as the upper field, we present all of the necessary information to es-
tablish the analyticity of the lower field and the lower layer DNO. Our strategy is to first
remove the phase from our governing equations in §3.2, introduce a domain—flattening
change of variables in §3.3, and then seek solutions as a joint Taylor series in two small
perturbation variables: an interfacial deformation (§3.3) and a frequency deformation
(83.4). These lead to the TFE recursions (§3.5) from which we can use Sobolev space
theory to establish analyticity results. The analyticity of the lower field with respect to a
single interfacial deformation is established in §3.7 while the joint analyticity in two small
perturbations is established in §3.8. The case for a single frequency deformation follows
directly as a special case of Theorem 3.8.1 and the analyticity of the lower layer DNO
is proven in Theorem 3.9.2. The chapter’s conclusion employs a Fourier—Chebyshev

approach to highlight interesting numerical features of our HOPS/AWE algorithm.
3.2 Governing Equations Without Phase

In the lower field, we defined the geometry S_; 4 := {—b < z < g(x)} where 2 is bounded
between a constant imposed by the Artificial Boundary {z = —b} and the upper surface
g(z). By the boundary value problem (1.35) defined in §1.8, we arrive at the governing

equations of linear wave propagation in a single homogeneous material layer

A + (E¥)%0 = 0, —b<z<g(z), (3.1a)
@(z, g(x)) = (“ (), at z = g(x), (3.1Db)
Wz +d, z) = ehi(z, 2), (3.1c)
D — T[] = at z = b. (3.1d)

Following the analysis performed in §2.2 we define phase extraction

—itax

w(z, z) == e ““Cw(x, z),

and consider periodic unknowns. Following the same procedure as the upper field, our

governing equations become

o6
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Aw + 2iad,w + (v¥)*w = 0, —b<z<g(x), (3.2a)
w(z, g(x)) = ¢ (x), at z = g(z), (3.2b)

w(z+d,z) = ( z), (3.2¢)

9, [w(z, —b)] — T"|w(z, —b)] = at z = —b. (3.2d)

3.3 Boundary Perturbation

As in the upper field, we apply the change of variables from Appendix C to (3.2) and
start by focusing on
Aw + 2iad,w + (v*)*w = 0. (3.3)

The transformation rules produce the following transformation in the lower field

¥ =z, b<b+§8)'

This transformation maps the perturbed geometry S_; 4 to the separable one S_; o. The

change of variables can be inverted

/
r=2, z= <b+z(m )> 2+ g(z'),

which we use to define the transformed lower field

ot (2, (D) sy ).

In Appendix C' we discuss the effects of this change of variables on the Helmholtz
equation, its derivatives, and the associated boundary conditions. In the lower layer we

have a domain Sy 7, (C.1), where

Therefore

2 A
= Ao —{—:g( ) =g(z),

and

2 +b 2 +b

(We omit Zi; since £ = 0). In Appendix C we show that the change of variables changes
the derivatives to

COy =C0y — EQ,y, CO,=20y,



o8

3.3

Boundary Perturbation

and the lower layer Helmholtz equation becomes

0= div'[AV'W'] + B - V'u' + 2C%iadw’ + C2 ("),

where, for S = C?,

X

S

—EC 1+ E?

—EC>, B— (o

We drop the primed variables so that (3.4) becomes

(%)

0 = div[AVw] + B - Vw + 2Siad,w 4+ S(v¥)*w,

We then take a boundary perturbation approach by setting

g9(z)

where, by following Appendix C, discover

A
B
S

Since b = h and u(z) = ef(x), we find

10
Ay =
0 1
Axx
A =1
AP
ACL’I‘
Ay =2
A"
Also
and

b2

o
_(b + Z)(awf)

f2
<_(b + Z)f(aa:f)

ef(x), e eR, ek 1,

Ae) = Ag + Aje + Age?,
B(E) = Bie + 3262,
S(e) = So + Sie + Sae’.

0

_(b + Z)f(aa:f)
(b+2)*(02f)°

~(b+ Z)@f))

) |

(3.4)

(3.6a)

(3.6D)

(3.6¢)

(3.6d)

(3.6¢)

(3.6¢)
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As a result, (3.3) becomes
Aw + 2i0d,w 4+ Y*u =Y (x, 2,9, w, a,7), —b< 2z <0, (3.7)

where

Y(z,z;9,w,a,v) = —div[A; Vw] — div[A3Vw] — B1Vw — BaVw

(3.8)
— 251100, w — Swzw — 25900, w — Sg’yzw.
By (3.2d) the Transparent Boundary Condition is
0; [w(z, —b)] — TY[w(x,—b)] =0, at z=—b. (3.9)

For this boundary condition we begin with the lower boundary and recall that such
boundaries are flat in the lower field, i.e., £ = 0. Therefore, we can multiply (3.9) by
C = C(x) to realize

Co, [w(z, —b)] — CT*[w(z,—b)] = 0.

So by the transformation rules for 9, and 9, (which induces the rule 7% — T and

w — w') with £ = 0 we find
8. [w'(z', )] — (1 + g(2") /R)T" [w' (2, —b)] = 0.
We rearrange to form
O [w'(a', =b)] = T [w' (s, =b)] = Q('; g, w'),

where
1 /
Q2" g,w") = gg(ﬂil)T“’ [w' (2!, —b)] .
We then drop the primed variables and write the boundary condition as

9: [w(z, —=b)] = T"[w(z, —b)] = Q(z; g, w).

These changes transform the governing equations without phase in (3.2) to

Aw + 2iad,w + (V) w =Y (z, 2, g, w, a,y*), —b<2z<0, (3.10a)
w(z,0) =Y (z), at z =0, (3.10b)

w(x+d, z) =w(z,2), (3.10c¢)

0. [w(x,—b)] — T"[w(x, —b)] = Q(z; g, w), at z = —b. (3.10d)
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3.4 Frequency Perturbation

We now write the illumination frequency as

w=1+0w=w+dw, 6 R, § <1, (3.11)

where
EY =w/c’ =1+ 0w/c?” =: (1 + )k = kY + 0kY, (3.12a)
a=k"sin(f) = (14 0)k"sin(f) =: (1 +0)a = a+ Ja, (3.12b)
v = k" cos(0) = (14 0)k" cos(f) =: (1 + )7 =~ + 7" (3.12¢)

These form the following relationship between the underscore variables

o+ ()% = (k)% (3.13)

As the transformation rules between the upper and lower fields do not change (C.5), we

may follow the analysis done in §2.5. It is not hard to show that (3.10a) becomes
Aw + 2iad,w + (jw)Qw =Y (z,2;9,w,0,79"), —b<z<0, (3.14)
where

Y (a:, z;q,w, Q, lw) = —div[4;Vw] — div[A2Vw] — B;Vw — BaVw

— 2iadd,w — 6* (1) *w — 20(v")*w

— 251100, w — 2511000, w — 5152(1“’)210 — 251(5(1“’)210 -5 (lw)Qw
— 259100, w — 2521000, w — 5252(1w)2w — 2525(17“”)2111 — SQ(lw)Qw.

The boundary condition (3.10d) becomes
0= [w(x, =b)] = T§' [w(x, —b)] = Q(z: g, w),
where 7" = iy} corresponds to the case where 6 =0 and
Qi g,w) = 3 (f@NT [wla, ~b)] + (T T) fw(z, ~b)].

Proceeding in the same manner as in §2.5, our governing equations without phase and

two small perturbations become
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Aw + 2iad,w + (" V2w = Y (x, 29, w,g,lw) , —b<2z<0, (3.15a)
w(z,0) =¥ (z), at z =0, (3.15b)
w(z+d,z) =w(z,z), (3.15¢)
. [w(w, b)) — Ty w(z, -b)] = O(x; g, w), atz=—b  (3.15d)
3.5 Transformed Field Expansions
As in the upper field, we have made two smallness assumptions:
[1] Boundary Perturbation: g(z) =ef(z),c € R, e < 1,
[2] Frequency Perturbation: w = (1+d)w =w +dw, § € R, § < 1.
We now apply both of these assumptions and seek solutions of the form
w = w(z, z;¢€,0) Z anm x,z)e"0™, (3.16)

n=0m=0

which we will show are strongly convergent in Theorems 3.7.1 and 3.8.1. Inserting these

into (3.15) produces the TFE recursions

AWy m + 2020, wWn m + (lw)an,m = ffn,m (x, z; f,w, a, lw) , —b<z<0, (3.17a)

Wnm(7,0) = (), at z =0, (3.17b)

Wnm (T + d, 2) = Wy m(z, 2), (3.17¢)

0 [wnm(x, —b)] — T [wp,m(x, —b)] = Q m (), at z = —b, (3.174d)
where

Yom (2,2 f,w, a,7") = —=div[A1 Vwy_1,m] — div[A2Vwn_2m] — BiVwp_1,m

— BoVwp—2m — 2ia0,Wpn m—1 — (lw)Q'wn,m—Q

— 2(jw)2wn,m—1 — 281100, Wp—1,m — 251100, Wp—1,m-1 (3.18)
= 510"  wa1m—2 = 2510V wa1m-1 = S1(1") wn—1,m

— 25210, Wn—2.m — 252100, Wn—2.m—1 — S2 (lw)anfzymﬁ

- 252(1w)2wn72,m71 - Sz(jw)anfz,m,
and

_f

m m—1
Qnom(z S T wnae(z=b)] + Y T Jwp (2, D)) (3.19)
r=0 r=0

> \
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This is a method for computing the transformed corrections to the scattered field, wy 1,
with respect to both interfacial and frequency deformations. As stated in §2.6, a major
advantage of the TFE recursions is that (3.17) never takes derivatives of wy, ,, higher
than second order. To make use of this advantage, we will once again turn to classical

elliptic theory.
3.6 Elliptic Theory
To prove the joint analyticity of the lower field, w, we require minor modifications to

the Elliptic Estimate and Algebra Property of Sobolev spaces presented in §2.7.

Lemma 3.6.1. Given an integer s > 0 and any o > 0, there exists a constant M =
M(s) such that if f € C*([0,d]),w € H*([0,d] x [—b,0]) then

Ifwlls < M| fleswllas, (3.20)

and if f € C*TY24([0,d]), w € HtY/2([0,d]) then there exists a constant M = M(s)
such that

1 F 0l ez < MIFless o [0] g (3.21)

Theorem 3.6.2. Given an integer s > 0, if Y € H*([0,d])x[~b,0]), ¢* € H**3/2([0,d]),
Q € H*t1/2((0,d]), then there exists a unique solution of w € H52([0,d] x [—b,0]) of

Aw(z, z) + 2iad,w(z, 2) + (%) w(z, 2) = Y (2, 2), -b<2z2<0, (3.22a)
w(z,0) = (" (z,0), at z =0, (3.22b)
w(r +d, z) = w(x, z), (3.22¢)
O;w(x, —b) — T’ [w(z, —b)] = Q(x), at z = —b, (3.224d)

satisfying
[wll gtz < CANY s + 1€ grovare + 1@l grovas2}s (3.23)

for some constant Ce = Ce(s) > 0.

Lemma 3.6.3. Given an integer s > 0, if Y € H*([0,d]) x [=b,0]), then (b+ 2)Y €
H*(]0,d]) x [—b,0]) and there exists a positive constant Zy = Zy(s) such that

|6+ Y = < ZolIY |z

With these, we now have everything we need to prove our desired result on the analyticity
of the lower transformed field w = w(x, z;¢) with respect to the single perturbation

parameter ¢.
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3.7 Analyticity of the Boundary Perturbation

Theorem 3.7.1. Given any integer s > 0, if f € CT2([0,d]) and Cho € H53/2((0, d])
such that
ICnoll prsvsre < KB, (3.24)

for constants K¢, B¢ > 0, then wy,o € H*T2([0,d] x [~b,0]) and
|wn, ol gs+2 < KB", (3.25)

for constants K, B > 0.

To establish this result we work by induction. The key estimate is encapsulated in the

following lemma.

Lemma 3.7.2. Given an integer s > 0, if f € C*T2([0,d]) and

lwnollgs+2 < KB", Vn <m, (3.26)

for constants K, B > 0, then there exists a constant C > 0 such that

mec { [Tl s | @rollgosisz} < KO{|flowea BT + £ 202 B™ 2} (327)

Proof. [Lemma 3.7.2] We begin with Y; o and recall from (3.18) that

70 (2,25 f,w, a,7") = —div[A; Vwg_1,0] — div[A3Vwg_20] — Bi1Vwg_1,0
— BoVwg_o0 — 281100, wrm—1,0 — S1(7")*wr_1,0 (3.28)

— 289iad, w20 — S2(v") w2,
Then from (3.6) we have

Ve ollirs < AT Qewn 101 Fe01 + 14T Ocwn1 0l T + A7 Ouwn 10/ 3101

+ 1A w10l Fein + 457 Qowro,0lFresr + | AT Dswr—20 Fesn

+ HAgxamwﬁ—?,OH%ISH + HAgzazwﬁ—ZOH%ISH + HBfaxwﬁ—LO”%IS

7s + | B30:wn—2,0] Fs

+ | Bf0-wr1.0ll7s + || B3 Oxwr—2,0

+ 1281600 wr—1,0[Fs + 11 (7") 2 wr—1,0l 7 + 1252100, wr—2,0||3rs

+ 152 (v") wa—2,0l 7rs-
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We now estimate each of these and apply Lemmas 2.8.1 (with v = w), 3.6.1, and 3.6.3.
We begin with

AT Opwn1.0llgs+r = [1(2/6) fOrwn—10ll gs+r
< (2/D)M|f s+ lwa-1 ]
< (2/0)M|f|cs1 KB™ Y,

Hs+2

and in a similar fashion

AT 0 wr—1 0l =1 = || = ((b + 2)/b) (0 f) Do wr—1,0] prs+1
< (Zb/b)M‘axﬂCsHHwﬁ—Lo
< (Zb/b)M‘f‘Cs+2KBﬁil.

‘Hs+2

Also,

| AT Orwr—10llgs+r = || — ((b+ 2)/b)(Or f) Oxwr—1,0 s+
< (Zb/b)M‘axﬂCSH ||wﬁ71,0
< (Zy/b)M|f|cs+2 KB,

|Hs+2

and we recall that A7* = 0. Moving to the second order

| A5 Opwn 20| g1 = [[(1/6%) f?Opwn 20
< (/)M f|Zeir || wr—2,0]| rs+2

< (UB) M| f2is KB,

H5+1

Also,
14570 wr—2.0ll =1 = || (=(b+ 2)/0%) f (O ) Oar—2,0| prs+1
< (Zp/V*) M| f|cs+1]0n floset | wi—z0l| e
< (Zo/0°)MP|f|2as2 KB 2,
and
| 45" Opwr—a,0ll grs+1 = |(— (b + 2)/b) f (Ox.f)Dzwr—2,0 | prs+1

< (Zp/V*) MP| f|cs+1]0p flost || wr—s,0] rs+e
< (Zp/b?) M| f|Zes2 K B2,
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and

A5 0 wrm—20l grs+1 = |((b+ 2)*/6%)(0u f)?Ocwri—s,0]| o1
< (Z5 [0P)MP| 0y f 121 | wrim2,0]| rs+e
< (Z3 |b*) MP|f|tssa KB 2.

Next for the By terms

| BT Oxwr—10llms = [[(=1/b)(0x f)Orwr—1,0l 15
< (1/b)M|0x flos[lwr—1.0ll s+
< (1/b)M|f|Cs+1KBﬁ_1,

and Bf = 0. Moving to the second order

| B3 Opwr—2,0llmrs = ||(—1/b%) f(8uf ) Oxwri—2,0| s
< (1/0*)M?|f|cs|0n flos | wia,0|| s+
< (/)M f|2en KB" 2,

and

| B3 0wn—sollze = 1(1/82) (b + 2)(9s )2 Dwrsll
< (Zy/B2) M1, f oz ol 1ot
< (Zy /)M flurs K B2,

To address the Sy, 51,52 terms we have

125100, wr—10l|ms = [|(4/b)icf Oxwr—1,0llms
< (4/b)aM| flesllwa—1,0ll e+

< (4/b)aM|flos KB™,

and

1S1(v*) 2 wa—10l s = [1(2/6)(v*)? fwr—1.0llms
< (2/6)(v*)* M| flcs|lwr—1,0]

< 2/b)(y")’ M| fles KB,

Hs
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and
12S2iqd,wr—20l g = ||(2/6%)icf?On
< (2/6%)aM?|f|Es [|wr—2,0| et
< (2/b*)a M| f|3 K B" 2,
and

192(v*) *wr—2,0ll5s = |(1/6%)(v*)? fPwr—20| 1
< (/%) (v")2PM2| flEs |l wr—20ll o
< (1/6*)(v")PM?|f|&s KB 2.

We satisfy the estimate for ||Ys 0|/ gs provided that we choose

_ 3+ 27, + da + 2(yV)? 24372, + Z2 4+ 2a+ (4)?
C’>max{< b bg (7)>M,< b bb2 = (l) M2

The estimate for Qﬁ,o follows from Lemma 2.8.2

1@ 0ll grsi/2 = (1/0) TG [wr—1,0] | pro1y2
< (/0)Mf|csrr/2ee | T5" [wi—1,0] | gros1/2
< (/)M flgst1/2+0 Crpe |wr—1,0| grs+3/2
< (1/b)M|f|gss1/240 Crp KB™

and provided that
> (1/b)MCry,

we are done. O

With this information, we can now prove Theorem 3.7.1.

Proof. [Theorem 3.7.1] We proceed by induction in n. At order n = m = 0 (3.17)

becomes
Awg + 2iadwo0 + (v*) w0 = 0, -b<2<0, (3.29a)
wo0(z,9) = Colo(), at z =0, (3.29b)
wo O(CE +d, Z) = wy 0(:1: Z) (3.29C)
9: [wo 0 (x, =b)] = T [wo,0(x, =b)] = at z = —b, (3.29d)
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and Theorem 3.6.2 guarantees a unique solution such that

Hw(],()HHSﬂL2 < CeHng()||Hs+3/2.

So we choose K > C¢||(g’g || gys+3/2- We now assume the estimate (3.25) for all n <7 and

study wg 0. From Theorem 3.6.2 we have a unique solution satisfying

lwrollmstz < CelllYaollms + 1Gioll e + | Qoll grasire}s

and appealing to Lemmas 2.8.3 (with ¢* = (* and the hypothesis (3.24)) and 3.7.2 we
find
lwnollmese < Ce {KeBT +2KT|flowa B + | 12,2572}

We are done provided we choose K > 3C. K, and
B > max {BC,GCe@ Floss2, \/6C.C f|Cs+2}.

O

We can now establish the joint analyticity of the transformed field w = w(z, z; €, §) with

respect to the perturbation parameters € and §.

3.8 Joint Analyticity of the Lower Field

Theorem 3.8.1. Given any integer s > 0, if f € C*72([0,d]) and Chom € H53/2([0, d))
such that
G | grs3/2 < K BE D (3.30)

for constants K¢, B¢, D¢ > 0, then wy,m € H*T2([0,d] x [—b,0]) and
| wnm || gs+2 < KB"D™, (3.31)
for constants K, B, D > 0.

To establish this result we work by induction. The key estimate is encapsulated in the

following lemma.

Lemma 3.8.2. Given an integer s > 0, if f € C**2([0,d]) and

[ wnmllggos2 < KB"D™, ¥ n >0, m < m, (3.32)
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for constants K, B, D > 0 then there exists a constant C > 0 such that

max { [ Vool 1| Q| oo } < Kc{B"Dml + B'DT? 4 |f|gesn B DT
|f’CS+QBn71DW71 + |f|CS+2Bn71Dm72 + ‘f|%s+an72Dm +

BT 20T |f B 2D

Proof. [Lemma 3.8.2] We begin with Y, 77 and recall from (3.18) that

Yom (2,29, w0, 0,7") = —div[A1 Vw,—1m] — div[AsVw,—2m] — BiVwn_1m

— BoVwy_om — 2i003wn, m—1 — (lw)an,ﬁ—Q

_ 2(1w)2wn,m_1 — 251100y wn—1m — 251100, Wn—1m—1 (3.33)
— 517" wn—1m-2 = 251(7") ?wp—1m-1 — S1(7")*wn1m

— 25910, Wp—2m — 252100, Wp—2m—1 — S2 (jw)2wn72,mf2

=28 (7")  wn—2m-1 — S2(7"*)*Wn—27m.
Then from (3.6) we have

Yomllire < AT 0swn—rmlFross + | AT 0swn—1 ol Frors + | AT Orton—1.m | Fross
+ ||A‘fz&zwn,17m||§{5+1 + ||A32maanf2,m”§{5+l + ||A§Zazwn,2,m\|%15+1
+ ||A§$aan,27m||§{s+1 + ||A§Zazwnf2,m”§15+1 + ”Bfawwnfl,ﬁH%{S
+ ||Bf8zwn—1,m”%{5 + ||B§aan—2,m”%is + HBgazwn—ZmH%{S
+ 12ia0wn mallfze + 1) wn 2l + 12(3°) *wn 1l
+ ||281ia0wn—1 7| 7s + (1251500, wn—1 7711175 + [1S1(7")*Wn—1 -2 Frs
+ 11281 (1) wa— 1l + 151(0*) wnm1 mllire + [1282i000wn—2.ml| s

2

+[1282ia0swn—2m-1l7s + 152(v") wn—2m-2lFrs + [1252(7*)*wn—2m-1 7

+ 152" w2l -

We now estimate each of these and apply Lemmas 2.8.1 (with v = w), 3.6.1, and 3.6.3,
beginning with

| A5 a1l o1 = [1(2/5) fOutwn— 1 mllgos
< 2/D)M flgosllwn—ml o2
< (2/b)M|flcon KB D™,
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and in a similar fashion

[AT*Ocwn—1mll mrser = [| = ((b+ 2)/0) (00 f) Oct0n—1ml| o1
< (Zp/0) M| f |1 w1 | pr+2
< (Zy/D)M|f|csr2 KB D™,

Also,

HAfxaan—lﬁHHsﬂ = H - ((b + Z)/b)(ach)({“);rwn—lﬁHHS+1
< (Zp/b) M0y f s+ ||wn—1 7l rs+2
< (Zy/D)M|f|cs+2 KB 1 D™,

and we recall that A7* = 0. Moving to the second order

| A5 Opwn || et = [|(1/67) f2Ouwn o | o1
< (1/b2)M2‘f|és+1 |wn—2ﬁ”Hs+2

< (1/6*)M?| |2 KB"2D™.

Also,
A5 0.wn 2wl gs+r = (= (b + 2)/b°) f (O f ) Outwn 2. | e
< (Zp/V*) MP|f|cs+1|0p flos+i || wn—o | rs+2
< (Zp)0*)MP|f|Gos2 K B" 2D,
and
A5 Opwn—amll g1 = I1(=(b+ 2)/0%) f (00 f)Ootwn o | s
< (Zp/V*) MP|f|cs+1|0p flosti | wn—2m | rs+2
< (Zp/b?) M| f|es2 KB D™,
and

1450w gmll s = (b + 2)/82) (D )0l o
< (Z D) M0, f s a2 o2
< (Z2 )M f 2 KB 2D
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Next for the By terms

| BY Oz wn—17mll s = |(=1/0)(0xf)Oxwn—17m | s
< (1/b)M|0y flcs |wn—1ml| e+
< (1/b)M|flcsn KB ' D™,

and Bf = 0. Moving to the second order

HBgaacwn—ZﬁHHs = H(_1/62)f(axf)awwn—2,ﬁHH5
< (1/b*)M?| flos|0a flos || wn—2m| s+
< (1/b)M?|f|2e1 KB 2D,

and

1B50:wn—zm s = [|(1/6%) (b + 2)(0x f)*Ozt0n—2.7m] s
< (Zp/V*)YM? |0y f 1 | wn—27 || prs+1
< (Zp/V*)MP|f|3esn KB"2D™.

To address the Sy, 51,52 terms we have

12iadywnm—1llms < 2allwnm—1ll g+

< 20K B"D™ L,

and
1Y) wnm—2llms < (v)? || wnm—2| ms
< (lw)QKBnDW—27
and
120)?wn -1l s < 2(3)? || wn g1 s
< 2<lw>2}'(Ban—l7
and

HQSligaanfl’mHHs = H(4/b)ZQfaanfl,m”Hs
< (4/b)aM|fleslwn—1m| s+
< (4/b)aM|f|cs KB" ' D™,
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and

12S1iad, w1 1|l = [|(4/b)icf Opwn—1m—1l e
< (4/b)aM|flcs||wn—1m—1 grs+1
< (4/b)aM|flcs KB" ' D™,

and

191 (7)) wn—1m—2llms = [1(2/0)(v")? fwn—1m—2| 1s
< (2/6)(v")° M| fles ||wn—1,m—2| 1rs
< (2/6)(y")* M| flcs KB" ' D™ 2,

and

1281 (7)) *wn—1m—1ll s = [1(4/0)(v")? fwn—1m—1 | mrs
< (4/5) (V)P M| fles |l wn—1,m-1 e
< (4/b)(v“)°M|fles KB "' D™,

and

191 (7)) w1l s = [1(2/0)(7*)? fwn—1 7| s
< (2/b)(v")* M| fles |l wn—1m | ms
< (2/6)(y")’ M| fles KB D™,

and

||252igazwn72,m”HS = |’(2/b2)igf23an—2,m |H5
< (2/6)aM?|f |G |lwn—2 | ot

< (2/b*)aM?|f|ZKB"2D™,

and

12S2i0pwn—2m—1|l s = ||(2/0)iaf?0uwn_om 1| #s
< (2/b*)aM?| G llwn -1 | e

< (2/b")aM?|f|Z KB D™,
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and
192 (v*) 2 wn—2m—2llms = [(1/6*)(v")? fPwn—2m—2| s
< (1/0*) () M2 | f13s | wn—2m—2| s
< (1/6*)(y")*M?|f|&s KB"2D™ 2,
and
1282 (7" *wn—2m—1llms = [(2/6*) (7)) fPwn—2m—1|
< (2/6*) (v )M f1Es |l wn—2m—1 | e
< (2/b*) (")’ M?|f|gs KB " 2D™ 1,
and

1S2(v* )2 wn—amll e = I1(1/6%) (v*)* fPwn—27m | e
< (1/6) ("2 M| & | wn—2 | e
< (1/6*)(3)? M| f[e KB 2D

We satisfy the estimate for ||f/nm|\ s provided that we choose

_ 3+ 27, + 8a + 8(yW)?
C>max{<2a+3(ryw)2>,< + b+bQ+ (7*) >./\/l,

(2+3Zb + 72 +4a+4(7w)2> MQ}

b2

The estimate for Qn,m follows from Lemma 2.8.2

(1/b)M|f‘Cs+1/2+n Z H m—r wn 1,r HHs+1/2 + Z H m—r [wn,r]HHs+1/2

r=0
m—1
Z Hwn r||Hs+3/2
r=0 r=0

D1 D™ —1
< (/)M |ess s Cru K B () rorrs ()

m—1

HQn,mH = —r ’U)n 17“ Z % r[wnT]
=0

Hs+1/2

3\@

Hs+1/2

(1/b)M!f\ce+1/2+nCTw

D-1 D-1

— D
) + CTwKBanil <> 3

D-1

< (1/b) M| f|gst1/240Cru KB 1 D™ < D1

and we are done provided that D > 2 and

€>max{(1/b)MCTw,CTw}. O
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With this information, we can now prove Theorem 3.8.1.

Proof. [Theorem 3.8.1] We proceed by induction in m. At order m = 0 (3.17) becomes

Awn,o + 2iadpwno + (1) wno = Yoo (2,2 fw,0,7"),  —b<2<0, (3.34a)
wn,0(z,9) = (o), at 2 =0 (3.34b)

Wn,o(z +d, 2) = wno(, 2), (3.34c)

0z [wno(x, =b)] — T¢’ [wno(x, —b)] = Qno(), at z=—b,  (3.34d)

and Theorem 3.7.1 guarantees a unique solution such that
”wn,0||HS+2 < I(Bn7 Vn > 0.

We now assume the estimate (3.31) for all n,m < m and study wy . From Theorem

3.6.2 we have a unique solution satisfying

lwnmll sz < CelllYamllms + ¢ mllgrovsre + 1Qnmll presrs

and appealing to Lemmas 2.9.1 (with ¢* = ¢* and the hypothesis (3.30)) and 3.8.2 we
find

l|wn || rsve < CG{KCBELDZ” +2KC (B“Dm—1 + B"D™ 2 4 |f|os+2B" D™ 4
|f]Cs+anlemfl + ‘f|CS+2Bn71Dﬁ72 4 ’f‘%ﬁ_anfZDW +
|f’%s+2Bn72Dmfl + ‘f|%s+2Bn2Dm2> }

We are done provided we choose K > 9C. K, and

B > max {Bc, 18C.C|f|pos2, 1/ 18C.C] f|05+2},

D > max {1, D,18C.C,\/18C,C}.

3.9 Analyticity of the Lower Layer DNO

Now that we have established the analyticity of the field, w = w(z, z; ¢, ), we move on
to establishing the analyticity of the DNO, J(g) = J(ef). As in the upper field, we
apply an unnormalized normal, N = (—0,g,1)7, to define the DNO

J(g) =¢Y = v, (3.35)
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which maps the Dirichlet data, (", to the exterior Neumann trace, v*,
J(9)[C¥] == [N - Vuwl(z,g(x)) = [0:w — (9rg) Dpw](z, g()). (3.36)

To understand how the operator J(g) behaves under the change of variables in Appendix
C', we multiply (3.36) by C(x) to realize

CJ=Co,w — (0,9)Co,w.
The differentiation rules for the change of variables, (C.5), produces
CJ = 0w — (0p9){COpw’ — ED '},
These are evaluated at the upper boundary, 2z’ = 0, where we observe that
C') =142, E(,0) = 0wy,

to find

(1 + %) J = 0w — (8yrg) {(1 + %) Dy — (am,g)asz'} .

We solve for J and drop the primes to find
J(9)[¢"] = Ow(x,0) — L(z; g, w), (3.37)
with

L(w;9.w) = (009)Os(,0) ~ 97 (9)c"]
(3.38)

+ %g(axg)aﬂcw(x7 0) - (8$g)2azw(x7 0)

Upon setting g(z) = f(z) and seeking an expansion of the form

J=JEf,0) =Y > Jnm(f)e"s™,

n=0m=0

the equations (3.37) and (3.38) deliver

I ()[CY] = Ozwnm(2,0) — Ly m(; f,w), (3.39)
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where

L5 f,0) = (00 )Osttn 1.0 (2,0) = 3 F1m (")

) (3.40)
+3 F(8u f)0pwn—2.m(2,0) — (9 f)2 0z —2.m(, 0).

To prove the analyticity of the DNO we will need the following recursive estimate for

L.

Lemma 3.9.1. Given an integer s > 0, if f € C*T2([0,d]) and
Wl gs+2 < KB"D™, || Jpnllgss12 < KB"D™, ¥n <@, m>0,  (3.41)

for constants K,B,D,K,B,D > 0 where K > K,B > B,D > D, then there exists a
constant C > 0 such that

|Emmllgesie < KC{|flgwsa B D™ + | f2 00 B 2D™ ) (3.42)

Proof. [Lemma 3.9.1] From (3.40) and Lemma 3.6.1 we estimate

HLﬁ,mHHSJfl/Q S M’ag;f‘cs+1/2+o Haszﬁ—l,m(xa 0) HH5+1/2
1
+ 5M|f|cs+1/2+a||Gﬁ—1,m(f)[cw”|HS+1/2
1
+ 5M2|flcs+1/2+a|8zf|cs+1/2+0 |0zwr—2,m (2, 0)|[ frst1/2

+ MO0 f|Z i1 210 |0-wn—2.m (2, 0) || gres1/z.
This gives

~ ~— - 1 o N
1l o172 < K{M\f|05+23”_1Dm + 5M|flcs+zB”_1Dm
1

bM2|f‘%«s+2Bﬁ_2Dm+M2|f|és+2gﬁ_2ﬁm},

+
and we are done provided

C > <1 + 2) max{M, M?}.

We now have everything we need to prove the analyticity of the lower layer DNO.

Theorem 3.9.2. Given any integer s > 0, if f € C**2([0,d]) and (¥, € H53/2((0, d])
such that
1Cnm | grs3r2 < K¢ BEDE
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for constants K¢, B¢, D¢ > 0, then Jy m € H*T1/2((0,d]) and
| Tl gresr/e < KB"D™, (3.43)

for constants K, B, D > 0.

Proof. [Theorem 3.9.2] We work by induction in n. At n = 0 we have from (3.39) that
Jo,m = 0,wo m(x,0),
and from Theorem 3.8.1 we have
[ Jo,mll grs+172 = |02w0,m (2, 0) | o172 < [Jwo,m | o2 < KD™.

So we choose K > K and D > D. We now assume B > B and the estimate (3.43) for
all n < m and estimate (3.39)

HJﬁ,m(f)[Cw]HHSHN < ”azwﬁ,m(l’, O)HHS-H/? + HLﬁ’m(x>HHs+1/2.
Using the inductive hypothesis, Lemma 3.9.1, and Theorem 3.8.1 we have
(D gesise < KB D™ 4+ KC{|flgusa BP D™ 4+ |f s B™2D™ )
We are done provided K > 2K and

B> max{B,4éyf\cs+2,2\@fyos+2} .

3.10 Numerical Method

As in the upper field, we will simulate a manufactured solution in order to verify the

accuracy of our numerical scheme. We start by considering the basis function

N P
Ug)(l'az) =P Z? ]5 = %p>

where the phase exp(iax) is removed. We then utilize the exact Dirichlet/Neumann
pairs {¢}, v’} defined at the wavenumber p = r and a profile g(z) = ¢ f(z) where e > 0

and our manufactured solutions are



Chapter 3 Analyticity of the Lower Field 77

C¥(z) := Be™rw9(@), (3.44a)

v (x) == [—0wy + (0pg9)Ovwr)(x, g(x))

3.44b
— [(in®) + £(p f) (iF)| Byei™e WS @) (3.44b)

To make the specification precise we solve, at every desired perturbation order n and

m, the elliptic boundary value problem, (3.17),

Awy g + 20005 wnm + (1) Wnm = Yom (2, 2; f,w,0,9"), —b<2<0, (3.45a)
Wn,m(2,0) = Gl (), at z=0,  (3.45b)

Wnan (T + d, 2) = Wnm(z, 2), (3.45¢)

0: [wn,m(w, =b),] = T¢ [wp,m (2, =b)] = Qum (@), at z=—b, (3.45d)

followed by the simulation of the n—th and m—th correction of the DNO, (3.39),

m(f)[cw} = azwn,m(xa 0) - Ln,m(x; fa w)

We begin by choosing the maximum perturbation orders, N and M, and then approxi-

mate
w(z, z;e,0) = wVM(x, 2;¢,6) Z Z Wy (z, 2)e™0™, (3.46)
n=0m=0
J(x;6,0) = JVM (z; ¢, 6) Z Z T (™0™, (3.47)
n=0m=0

where, by the periodicity of solutions,
Oo .~
Wnm (T, 2) Z Wi m.p( W, Inm(x) = Z In.mpe”. (3.48)
p=—00 p=—00

Each of these wy, m(z,2) are then simulated by a Fourier-Chebyshev approach which

posits the form

Nz/2—-1 N
- 2z4b
Wnm (7, 2) = wp Z an mpe€ P Ty < z;— )

p=—N/2 £=0

where T is the £~th Cheybshev polynomial. The unknowns, w0y, , ¢ are recovered from
(3.45) by the collocation approach. As in §2.11, our HOPS/AWE algorithm requires
N, x N, unknowns at every perturbation order (n,m). We apply a Fourier spectral
method in the lateral direction where we require N, equally—spaced gridpoints. In the

vertical direction we use a Chebyshev spectral method where we choose N,+1 collocation
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points. We then simulate the lower layer DNO from (3.39), where the coefficients .J,, ,,
from (3.48) are approximated by

N,/2—1
Jnm(x) =~ Jévfn(x) = Z Inmpe?”,
p=—Naz/2

and the jn,m,p are recovered from the wy, ¢ Inserting the expansions (3.48) into

(3.45) gives

02y m p(2) + ((1;;1)2 . 2945) Wnmp(2) = Yomp(z), —b<z<0, (3.49a)
Wi p(0) = C¥ s at z =0, (3.49b)
0. [nmp(—b)] = TClinmp(—b)] = Quamp:  atz=—b,  (3.49¢)

Through this, we can solve our two—point boundary value problem through our Cheby-
shev collocation method and we now turn to a numerical implementation of our HOP-
S/AWE algorithm in Matlab. To begin, we approximate the lower layer Dirichlet and

Neumann data through the expansions

Nz,No,N,.M __ Z Z N;C,Nz n(;m ]/NIIHNZ7NM Z Z VNw Nz n(sm
TFE ’ TFE ’

n=0m=0 n=0m=0

from which we can compute the relative errors

Nz,N,M
& —irre M|

Error (Y = Errorrpg(Ng, No, N, M) :=

‘Cr ’L‘x’
w Nx,Nz,N,M
V' —Vrrg oo

Error v, = Errorrpg(Ng, N, N, M) =

3.11 Numerical Results

For our first simulation we considered a profile with moderate interfacial and frequency

perturbations and the following paramaters
f(x) = eCoS($)7 a=0, &= 10—47 5 = 10—4, d=2r, r=2,

B, =-48, ~+*=115 N, =32, N,=32, N=M=4.

In Table III we report the results of our tests using both Padé and Taylor summation.
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N M Error (¥ (Taylor) Error ¢ (Padé) Error v (Taylor) Error v (Padé)
0 2 0.000187563 0.000187563 8.47895e-05 8.47895e-05
0 4 0.000187563 0.000187563 8.47895e-05 8.47895e-05
1 2 0.000187563 0.000187563 8.47895e-05 8.47895e-05
1 4 0.000187563 0.000187563 8.47895e-05 8.47895e-05
2 2 5.4509e-08 5.02104e-09 2.65222¢-08 4.42536e-09
2 4 5.4509e-08 5.02104e-09 2.65222¢-08 4.42536¢e-09
3 2 5.4509e-08 5.02104e-09 2.65222e-08 4.42536e-09
3 4 5.4509e-08 5.02104e-09 2.65222e-08 4.42536e-09
4 2 5.4509e-08 5.02104e-09 2.65222e-08 4.42536e-09
4 4 5.00595e-09 4.98285e-09 4.41455e-09 4.39911e-09

TABLE III: Relative Error, Error ¢} and Error v}’

ro

M, for the TFE approximations to the Dirichlet data, ¢/ (3.44a), and the Neumann

versus perturbation orders N and

data, v (3.44b), where we used both Taylor Series and Padé approximants. Parameter
choices are specified above where we investigated moderate boundary and frequency

perturbations.

As expected from spectral methods, our HOPS/AWE algorithm reaches reasonable
accuracy at N = M = 4 Taylor or Padé orders. We then simulated new results by
increasing the number of Padé orders and decreasing the size of the interfacial and
frequency perturbations. In Figure 10, we considered N = M = 4,8,12,16 Padé orders
and plotted the Relative Error for (¥ as we expanded up to ¢ = 1072,1074,107%,1078
and 6 = 1072,1074,1075, 1078 simultaneously with Padé summation. In Figure 11, we
kept N = M = 4 Padé orders fixed and plotted the Relative Error for (}* as we expanded
up to € = 1072,1074,107%,1078 and 6 = 1072,107%,1076,10~® simultaneously with

Padé summation.

Relative Error

Relative Error

0 1 2 3 4 0 2 4 6 8
N N

(b) Error ¢* (Padé), N=M =8,e=46=10""*
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Relative Error

8 10 12
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(c) Error ¢¥ (Padé), N=M =12, e =6 =10"°
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Figure 10: Plot of Relative Error for (. Our HOPS/AWE algorithm used Padé sum-
mation with N = M = 4,8, 12,16 Padé orders to expand up toe = 6 = 1072,10~%,1079,
10~8 simultaneously. Physical parameters are reported in the profile above.
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Figure 11: Plot of Relative Error for (' with N = M = 4 Padé orders fixed. Our HOP-
S/AWE algorithm used Padé summation to expand up toe = § = 1072,1074,1076,1078

simultaneously. Physical parameters are reported in the profile above.
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We then simulated an analytic profile with a smaller frequency perturbation and the

following parameters

fz) = isin(llx), c—104

a =0,

B, =-48, ~+*=115 N, =32, N,=32, N=M=4.

In Table IV we report the results of our tests using both Padé and Taylor summation.

N M Error ¢V (Taylor) Error (¥ (Padé) Error v¥ (Taylor) Error v* (Padé)
0 2  1.04998e-05 1.04998e-05 6.9068e-05 6.9068¢-05
0 4 1.04998e-05 1.04998e-05 6.9068e-05 6.9068e-05
1 2 1.04998e-05 1.04998e-05 6.9068e-05 6.9068e-05
1 4  1.04998e-05 1.04998e-05 6.9068e-05 6.9068e-05
2 2 9.21284e-10 2.7964e-13 2.88241e-09 2.5317e-13
2 4 9.21284e-10 2.7964e-13 2.88241e-09 2.5317e-13
3 2 9.21284e-10 2.7964e-13 2.88241e-09 2.5317e-13
3 4 9.21284e-10 2.7964e-13 2.88241e-09 2.5317e-13
4 2 9.21284e-10 2.7964e-13 2.88241e-09 2.5317e-13
4 4 8.25908e-14 9.3863e-14 3.1523e-13 2.50276e-13

TABLE IV: Relative Error, Error (}’ and Error v,’, versus perturbation orders N and
M, for the TFE approximations to the Dirichlet data, ¢/ (3.44a), and the Neumann
data, v (3.44b), where we used both Taylor Series and Padé approximants. Parameter

choices are specified by the analytic profile above.

In Figure 12, we kept N = M = 4 Taylor orders fixed and computed the Relative Error
for ¥ as we expanded up to ¢ = 1072,1074,1076,107% and § = 1072,10~4,1076,10~8
simultaneously. Jointly decreasing both perturbation variables simultaneously increased
the accuracy of our HOPS/AWE algorithm and returned favorable convergence results
for bothe =6 =107% and ¢ = § = 1075,
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Figure 12: Plot of Relative Error for ¥ with N = M = 4 Taylor orders fixed. Our HOP-
S/AWE algorithm used Taylor summation to expand up to ¢ = 1072,1074,107%,10~8
and 6 = 1072,107%,107%,107® simultaneously with the analytic profile above.



CHAPTER 4

EXISTENCE, UNIQUENESS, AND JOINT ANALYTICITY OF
SOLUTIONS TO THE TWO-LAYER PROBLEM

4.1 Introduction

This chapter combines the analysis performed in Chapters 2 and 3 to fully establish
the existence, uniqueness, and analyticity of solutions to our scattering problem. In
§4.2 we summarize the equations which govern the propagation of linear waves in a two-
dimensional periodic structure, and discuss how the far—field boundary conditions can be
enforced through the use of Transparent Boundary Conditions. Then in §4.3 we restate
our governing equations in terms of interfacial quantities via a Non—Overlapping Domain
Decomposition phrased in terms of the DNOs from Chapters 2 and 3. In §4.4 we present
a rather general and rigorously justifiable perturbative scheme for solving systems of
linear systems of equations in Banach spaces. The appropriate analyticity theorems for
a single perturbation parameter and two perturbations parameters are presented and
proven in §4.5, respectively. The application of these results to the governing equations
presented in §4.3 is made in §4.6 where our novel result (Theorem 4.6.1) is established.
The proof requires several rigorous analyses, and the first of these is given in §4.7
with the analyticity of the surface data. Then, §4.8 presents the invertibility of the
linearized operator representing the flat—interface solution. The bulk of the analysis has
previously been performed in Chapters 2 and 3 where we established the analyticity
of the transformed fields with a single, geometric, boundary perturbation, &, alone in
Theorems 2.8.4 and 3.7.1. The joint analyticity of the transformed fields was proven
in Theorems 2.9.2 and 3.8.1 and the analyticity of the DNOs in Theorems 2.10.2 and
3.9.2.

4.2 Governing Equations and Propagating Conditions

The two—layer scattering problem is composed of outgoing, quasiperiodic solutions to

At + (k)0 =0, z > g(z), (4.1a)
A+ (k%)% = 0, z < g(x), (4.1b)
i —w=C, at z = g(x), (4.1c)
ONG — T2 = 1, at z = g(x) (4.1d)

The Dirichlet and Neumann data are

83
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_oeinate), (4.1¢)

{(z):=

P(x) = (in" + i (Dpg))e w19, (4.1f)
and

1, TE,

(k% /E®)? = (n*/n*)%, TM.

[\

Following our analysis in Chapters 2 and 3, we start by removing the phase in (4.1)
through the relationship v(z,z) = e *%4(x,2), v € {u,w}, and ((z) = e *((z),
Y(z) = e~"%q)(x). This yields outgoing, d-periodic solutions of

Au + 2iadu + (v*)?u = 0, z > g(x), (4.2a)
Aw + 2iad,w + (v*)*w = 0, z < g(z), (4.2b)
u—w =(, at z = g(x), (4.2c)
Onu — ia(9p9)u — 72 [Oyw — ia(dpg)w] = ¥, at z = g(x), (4.2d)
where
((z) = —e~"9(x) (4.2¢)
P(x) = (i7" +ic(Dpg))e "I, (4.2f)

and the left-hand side of (4.2d) follows from

ONT — 720N = Dy (7)) — 720N (¢°%w)
= (Dt (~0eg)u — (i0)(Dug)u
70w+ (=0p9) 00w — (i0) (Dug)w )
ooy g a5

The Upward Propagating Condition (UPC) and Downward Propagating Condition (DPC)
(8) rigorously enforce the Outgoing Wave Conditions which we mentioned in §1.8. We
now demonstrate how these can be stated in terms of Transparent Boundary Conditions
which also truncate the bi—infinite problem domain to one of finite size. As discussed in

§1.8, we choose values a and b such that

a>l9le, —b<—lgly-
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and define the artificial boundaries {z = a} and {z = —b}. In {z > a} the Rayleigh

expansions (6) tell us that upward propagating solutions of (4.2a) are

oo
u(z, z) = Z a,ePrTpe, (4.3)

p=-00

where, for p € Z and ¢ € {u,w},
p=— opi=a +p, = (k)2 — 0‘1277 Im {fyg} > 0. (4.4)

In a similar fashion, downward propagating solutions of (4.2b) in {z < —b} can be
expressed as
o0
w(zx,z) = Z dyeP* =1 2, (4.5)
p=—00
With these we can define the Transparent Boundary Conditions in the following way:

Focusing on the UPC we rewrite (4.3) as

u(z,z) = Z (apen;ja) eiprtivg (z—a) _ Z épeiﬁz—s—i'y;f(z—a),

p=—00 p=—00

and note that,
u(w,a) = Y &P =¢(x),
p=—00

and -

Ozu(z,a) = Y (iny)&e™ = T[E(x)),

p=—00

which defines the order-one Fourier multiplier 7%. For the DPC we rewrite (4.5) as

w(z, z) = Z (dpem;;’b) eiPr—ing (z+b) _ Z P ()
p=—00 JP——
and keep in mind,
wia,=b) = 3 e = (),
p=—00
and N
Ocw(w, b)) = 3 (=i Whpe™ = T*[(a))
p=—00

which defines the order—one Fourier multiplier T%. From this we state that upward—

propagating solutions of (4.2a) satisfy the Transparent Boundary Condition at z = a

d.u(z,a) — T u(xz,a)] =0, z=a. (4.6)
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Similarly, downward—propagating solutions of (4.2b) satisfy the Transparent Boundary

Condition at z = —b
d.w(x,—b) —T"w(z,—b)] =0, z=—b. (4.7)

We also point out that solutions which satisfy (4.6) and (4.7) equivalently satisfy the
UPC and DPC, respectively (8). With these we now state the full set of governing

equations as

Au + 2iadu + (v*)?u = 0, 2> g(x), (4.8a)
Aw + 2iad,w + (v°)*w = 0, z < g(x), (4.8b)
u—w=_¢, z=g(x), (4.8¢)
Inu — ic(Dpg)u — 7° [Onw — ic(Dpg)w] = b, z = g(x), (4.8d)
Oyu(z,a) — T"[u(z,a)] =0, z=a, (4.8e)
d,w(z,—b) — T w(z, —b)] =0, z = —b, (4.8f)
u(z +d, z) = u(z, 2), (4.8g)
w(x +d, z) =w(zx, 2). (4.8h)

4.3 A Non—Overlapping Domain Decomposition Method

We now restate our governing equations (4.8) in terms of surface quantities via a Non—
Overlapping Domain Decomposition Method (DDM) (95; 96; 97). For this we define

Ue) = u(z,g(x)), U(z) = —Onulz,g(x)),
W(z) = w(z,g(z)), W(z):=dyw(z,g(x)),

where u is a d—periodic solution of (4.8a) and (4.8e), and w is a d-periodic solution of
(4.8b) and (4.8f). In terms of these our full governing equations (4.8) are equivalent to

the pair of boundary conditions, (4.8¢c) & (4.8d),
U—W=¢, —U—mmamU—ﬁpi—mm@)W}mﬂ (4.9)

This set of two equations for four unknowns can be closed by noting that the pairs
{U,U} and {W, W} are connected, e.g., by the DNOs

G:U=U, J:W-=>W.

Definition 4.3.1. We recall the precise definition of the upper layer DNO (98): Given

an integer s > 0, if g € C**2 the unique solution of
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Au + 2iadu + (%) *u = 0, g(x) < z < a, (4.10a)
u(z, g(x)) = Ul(x), z=g(z), (4.10b)
du(z,a) — T"u(x,a)] =0, z=a, (4.10c)
u(z +d, z) = u(x, z), (4.10d)
defines the Upper Layer DNO
Glg) : U = U := —(0yu)(z, g(x)). (4.11)

Definition 4.3.2. Similarly, we recall the definition of the lower layer DNO: Given an

integer s > 0, if g € C**? the unique solution of

Aw + 2iad,w + (v¥)?w = 0, —b<z<g(x), (4.12a)
w(z, g(x)) = W(z), z = g(z), (4.12b)
o;w(x,—b) — T w(z,—b)] =0, z = —b, (4.12¢)
w(r +d, z) = w(x, 2), (4.12d)

defines the Lower Layer DNO
J(g) : W = W = (Oyw)(z, g(x)). (4.13)

We now write (4.9) as

AV =R, (4.14)

where

ve(p)s mo(8)
w —¢

For later use, the trivial flat-interface version of (4.15) is Ago Voo = Roo where

I -1 U
App = . Voo=[_""), Roo= o0 : (4.16)
9 2 9 9
—Goo —71°Joyo Woo —0,0

4.4 Analyticity of Solutions to Linear Systems

(e - o)
G + (Ong)(icr) 72T — 7%(0ng)(icv)

Following our analysis in Chapters 2 and 3, we pursue a jointly perturbative approach

to solving (4.14) based on the assumptions

g(x) =ef(r), w=w+dw=(1+0)w,
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where upon performing a join Taylor expansion the DNO G takes the form (2.52) (cf.
§2.10) and the DNO J takes the form (3.39) (cf. §3.9).

With this we establish the existence, uniqueness, and analyticity of solutions to

(4.14). To accomplish this we consider systems of linear equations of the form
A(e,0)V (e, d) = R(e,9), (4.17)

and show how such equations can be solved by regular perturbation theory.
4.5 Rigorous Regular Perturbation Theory
To begin, we assume
AE0) =Y Apme"™, R(£6) =) > Ryme"d™,
n=0m=0 n=0m=0
in (4.17) and seek a solution of the form
V() =) Vime"o™ (4.18)
n=0m=0

From (4.17) we find at order O(g", ™)

n—1 m—1
AO,OVn,m = Rn,m - Z An—é,Ové,m - Z AO,m—rVn,r
/=0 r=0
n—1m-—1
- Z Z An—f,m—rvﬁ,ra
=0 r=0
or
n—1 m—1
me = AO_,(l) <R”:m - Z An*f,ovf,m - Z AO,m—rVn,r
(=0 r=0
n—1m-—1 (4.19)
- Z Z An—&m—’rV&T> .
£=0 r=0

With these we can establish an existence theorem (98) for this problem depending on

two parameters.
Theorem 4.5.1. Given two Banach spaces X and Y, suppose that

1] Rym €Y for all n,m > 0, and there exists constants B > 0,Crn > 0,Cry >
0,Dgr > 0 such that
IRnmlly < CrnCrMBRDE,
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2] Apm : X = Y for all n,m > 0, and there exists constants By > 0,Can >
0,Canm >0,Da >0 such that

|Anmll x_y < CanCanBiDY,

(3] Aa(l) 'Y — X for all n,m > 0, and there exists a constant Ce > 0 such that

A*1H <C,.
H 00flyx — ¢

Then the equation (4.17) has a unique solution, (4.18), and there exists constants By >

0,Cy,ny >0,Cyp >0, and Dy > 0 such that
Vol x < CvnCv,m By DY, (4.20)
for alln,m >0 and any

Cyn >2C.CrnN, Cvum >2C.Cru,

By > maX{BR,QBA,8CeCA7NBA}, Dy > maX{DR,QDA,SCECA’MDA}.

This implies that, for any 0 < p,o < 1, (4.18) converges for all € such that Be < p, i.e.,
e < p/B and all § such that D§ < o, i.e., § < o/D.

Proof. [Theorem 4.5.1] We work by induction, where we want to establish
Vimll xy < CvnCvn By Dy,  ¥n,m > 0.
We start by an induction on m. The base case m = 0:
[Violly <CvnBy, Vn>0, (4.21)
is established through an induction on n. We start with n = 0 where (4.19) becomes
Voo = AaéRO,o,
and, from the properties of Ay, (1), we have

IVoollx = ||AGsRao | < € IRaolly = Cv.
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Now, assuming estimate (4.20) for all n < 7 we use (4.19) and the mapping properties
of Ay to find

n—1
[Viollx < Ce {||Rﬁ,o|\y + Z lAn—r,0Veo Y} -
=0

Now, using the estimates on R,, o and A, o (for all n) and V,, o (n < n) we have

n—1
Vaollx <Ce {CRBE +> CABZerBé}
=0

= C.CrB} + C.CaCy () By Y ()
(=0

By By
) Ba\ on( 1

< n n

< C.CrB} + C.CsCy (Bv> By (1 - 1/2) ,

if Bo/By <1/2 (implying By > 2B4). We are done if we demand that
By > Br, C.Cr<Cy/2, 2C.CsCy(Ba/By)<Cy/2.
All of this can be achieved provided
Cy >2C.Cr, By > max{Bg,2B4,4C.C4Ba},
which establishes (4.21). We now assume
Vil x < CvnCvuBEDE, ¥n>0, Ym <m,

and seek
HVTZJTTHX S CVJVCV’MB‘?}D@, Vn 2 0.

This can be obtained through a second induction on n. The base case n = 0:
Vol x < CvuDf, Vm >0,
is established through an induction on m analogous to (4.21). Finally, we assume
[Vamllx < CvnCyvuByDY, Vn<n, Vmn >0,

and seek
|Vamlly < CvnCvmBy-DY.
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We now use (4.19) and the mapping properties of A& (1) to find

n—1 m—1
[Vamllx < Ce{ IRamlly + Y IAscoVemly + O 1Acm—rVarly
(=0 r=0
n—1m—1
S5 A Vil }
(=0 r=0

Using the estimates on R, ,,, and A,, ,,, (for all n,m) and V,,, (n < n,m < m) we
define

Ca:=CanCan, Cr:=CrnCruy, Ov:=CynCvu,

to form

n—1 m—1
ywmmgc{ rBEDE + > CanBy ‘CynBi + Y CanDi ‘CyuDy
=0 r=0

—1m—1

ZZ Bn ZDm ZCVB }

BA _ 7_1 BA ’FL—E—].
= C.CrBREDE + C.CanCy,n < > By, <>

By = By
DA B m—1 DA m—r—1
—l—CCAMCVM( >Dm <
Dy v ; Dy
n—1 n—~4—1m—1 m—r—1
-~ (Ba\ .. (D4 (B Dy
C.C,Cyv | == | By | == | DY - -
ety <BV> v (DV> v = BV> — <DV
< C,CrBLDY + C.CynC Ba\ pn 1
>~ LeURDYy Uy eCANUVYVN BV \% 1_1/2
1

Dy
—l—CCAMCVM <DV>DV (1_1/2>

By Da\ .- 1 2
B pm——
+CeCaCy <BV) V<DV) V<1—1/2) ’

if B4/By < 1/2 and Da/Dy < 1/2 (implying By > 2B4 and Dy > 2D4). We are

done if we demand that

By > Br, Dy >Dg, C.Cpn<Cyn/2, C.Crum <Cyvan/2,
4C.CanCyN(Ba/By) < Cyn/2, 4C.CamCyvr(Da/Dy) < Cyar/2.

This can be realized if

Cy.n >2C.CrN, By >max{Bpr,2B4,8C.CysnBa},
Cv.m > 2C.Cryv, Dy >max{Dg,2D,8C.CanDa}.
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4.6 Joint Analyticity of Solutions of the Two—Layer Problem

We recall the surface formulation of our scattering problem,
AV =R,

cf. (4.14), where the operator A and vector R are given in (4.15). As discussed in §4.3,
V is a vector of unknowns which contains solutions U and W to the scattering problem.
As mentioned in the Introduction, our solution procedure is perturbative in nature and
we can directly invoke Theorem 4.5.1 from §4.5 to obtain our desired result. For this we

may formally expand

A(g,0) = Z Z Ay, g™, R(e,0) = Z Z R, o™,
n=0m=0 n=0m=0
which we will justify rigorously, and seek a solution to (4.14) in the form
V(e d) = Z Z Vme™d™, (4.22)
n=0m=0

where ¢,0 € R. Recalling our definitions from §2.7, we define the vector—valued spaces

for s >0
U
X =LV =
w

VS .— {Rz ( ¢ )‘CE H8+3/2([0,d]),’(/) c H5+1/2([0,d})}.

UW e HS+3/2([0,dD},
and

These have the norms

U
VI = <W>
RIS = <_< w)

We now state our main result.

= HUH%IS-FSD + HW”?{s+3/2 5

Xs
2

2 2
= |[Cl7ps+are + 19l Frssrse -

Theorem 4.6.1. Given an integer s > 0, if f € C*2([0,d]) then the equation (4.14)
has a unique solution, (4.22), and there exist constants B,C, D > 0 such that

[Vimlly. < CB"D™,

for all n,m > 0. This implies that for any 0 < p,o < 1, (4.22) converges for all ¢ such
that Be < p, i.e., € < p/B and all 6 such that D6 < o, i.e., 6 < o/D.
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Proof. [Theorem 4.6.1] As mentioned above, our strategy is to invoke Theorem 4.5.1,

thus we must verify the relevant hypotheses. To begin, we consider the spaces
X=X Y=Y°

In §4.7 we will show that the vector R, ,,, consisting of (, » and 1y, ,, is bounded in
Y* for any s > 0 provided that f € C*72([0,d]). This implies that the R, ,, satisfies
the estimates of Item 1 in Theorem 4.5.1.

In §2.10 (Theorem 2.10.2) and §3.9 (Theorem 3.9.2), we have previously shown that
the operators Gy, ,, and Jy, ,, in the Taylor series expansions of the DNOs satisfy ap-
propriate bounds provided that f € C*72(]0,d]). With these, it is clear that the A, ,,
satisfy the estimates of Item 2 in Theorem 4.5.1.

Finally, in §4.8 we show that the estimates and mapping properties of Ay (1) for Item
3 in Theorem 4.5.1 hold where A is defined in (4.16) as the flat-interface version of

our governing equations. O

4.7 Analyticity of the Surface Data

To establish the analyticity of the Dirichlet and Neumann data obeying suitable esti-

mates, we begin by defining

E(z;e,0) = e (10 ef (@)
and note that we can write (4.2e) and (4.2f) as

((@) = ((x56,0) = —E(z;3¢,0),
P(x) = Y(x58,0) = {z(l + )y +i(1 4+ 5)@(&&;}”)} E(x;e,0).

We will now demonstrate that the function £ is jointly analytic in € and §, and subject
to appropriate estimates, which clearly demonstrates the joint analytic dependence of
the data, ((z;¢,0) and ¥(z;¢,0).

Lemma 4.7.1. Given any integer s > 0, if f € C**2([0,d]) then the function &(z;¢, )

1s jointly analytic in € and §. Therefore

E(x;e,0) = i io: Enm(x)e™d™, (4.23)

n=0m=0

and, for constants Cg, Bg, Dg > 0,
||6n,m||Hs+3/2 é Cngngn, (424)

for alln,m > 0.
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Proof. [Lemma 4.7.1] We begin by observing the classical fact that the composition of
jointly (real) analytic functions is also jointly (real) analytic (99) so that (4.23) holds,

and move to expressions and estimates for the &, ,,,. By evaluating at € = 0 we find that

E(x;0,0) =1,
so that
1, m=0,
80,m(.%') =
0, m>0.

For € > 0 we use the straightforward computation
0:£ ={—i(1+ )" f}E,

and the expansion (4.23) to learn that, for m = 0,

—iy"f
n = — n,0 4.2
Ent1,0 <n+1>5,0 (4.25)
and, for m > 0, '
it = —i"f (Enm + Enmot}. (4.26)
3 n + 1 3 b

We work by induction in n and begin by establishing (4.24) at n = 0 for all m > 0. This

is immediate as

1€00ll g2 = 1 [1€0mll frovsrz = 0-
H H

We now assume (4.24) for all n < n and all m > 0, and seek this estimate in the case
n = n and all m > 0. For this we conduct another induction on m, and for m = 0 we

use (4.25) (together with Lemma 2.7.1 with § = s + 1) to discover

1€r-1,0

Hs+3/2

"7“‘ ‘f‘cs+3/2+n
g, R < M = - -
H n,OHH +3/2 > ( 7

‘lu‘ ‘f|05+2 a—1 al
M| =———|CeBg " < CeByg,
n

provided that

BgZMhuHﬂCanM( -

}lu‘ ’f\05+2> '
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Finally, we assume the estimate (4.24) for n = n and m < m, and use (4.26) to learn

that

|Ermll pstae < M ( {I€a-1mll gsvare + NEr—1m—1ll grasasz }

‘lu‘ |f|cs+3/2+n
n
u
<M (h | 'i'““) Ce {BZ'DF + B 'DF '}
< CSB‘?Dgla

provided that

M (Wf|c+2> < By ("M |f|0s+2> < BeDe
— — 2 b — b

n n - 2

which can be accomplished, e.g., with

u ‘lu‘ |f|05Jr2
Be > 2M 7" |flgsre > 2M ], Dez1
O

With Lemma 4.7.1 it is straightforward to prove the following analyticity result for

the Dirichlet and Neumann data.
Lemma 4.7.2. Given any integer s > 0, if f € C*72(]0,d)]) then the functions ((z;¢,6)

and Y(x;e,0) are jointly analytic in € and 6. Therefore

{C0}w:2,8) =D > {Cums Ynm} (@)™ (4.27)

n=0m=0

and, for constants C¢, B¢, D¢ > 0, and Cy,, By, Dy > 0,
|Kn,m||Hs+3/2 < C’CB?DZ”, H@Z’n,m||Hs+1/2 < C¢B$D$, (4-28)

for alln,m > 0.

4.8 The Flat—Interface Problem

As we outlined in Theorem 4.6.1, the key to our developments (as with all regular

perturbation arguments) is the flat—interface version of (4.14)

Ao,0Vo0 =Ry,



96 4.8 The Flat-Interface Problem

in particular the invertibility of Agg and the mapping properties of Aa (1). From (4.15),

it is not hard to see that the formulas for A and R are

I i
Ao = ( ) ) : (4.29a)
Goo 7°Jop

0 0
An,m = 9
Gn,m T Jn,m

b {1+ G} (00f) i) (f ’

—T

Cn m
Rom= ’ , 4.29
<_'¢n,m> ( C)

where 9y, ,, is the Kronecker delta function. We note that Ag is diagonalized by the

2) , n#0orm#0, (4.29b)

Fourier transform so that Ag oV, m = Ry, can be expressed as
o

Y Aoo(@)Vam()e™ = > Rom(p)e™,

p=—00 p=—00

which implies

It is not difficult to see

cf. (4.29), implying

1 [(T(—iny) 1
A

[‘3‘ (p)}_l = ) Ay 1= —(iny + 7 (i)
0,0 < (i) 1) p Tp Tp )

P
Remark 4.8.1. From these formulas it becomes obvious that the operator Ag g is always
invertible and our algorithm is well-defined. Recalling that we assume a dielectric in
the upper layer (so that the incident radiation propagates) we have that 7Yp 1s either real
and positive or purely imaginary (with positive imaginary part). If a dielectric fills the
lower layer then we have the same state of affairs for 7, so that, given that 72 will be
positive and real, A, # 0. Alternatively, if a metal fills the lower layer then ~;’ will be
complex with positive imaginary part. While it is less obvious, this ensures that, once
again, A, # 0.

We now verify Item 3 in Theorem 4.5.1. By the analysis above, we know that

I -1
Ago = ( ) ) , (4.30)
Goo T°Jop



Chapter 4 Existence, Uniqueness, and Analyticity of Solutions 97

where
Go,o = —iﬁ‘), J(]’o = —i’yg, (4.31)

are order—one Fourier multipliers defined by

GoolUl = Y (i) 0pe™,  JooW]= Y (—iny)Wpe?”. (4.32)

p=—00 p=—00

Lemma 4.8.1. The linear operator Ago maps X°® to Y?® boundedly, is invertible, and

its inverse maps Y?° to X° boundedly.
Proof. [Lemma 4.8.1] We begin by defining the operator
A= Goo+ 12 Joo = (—inp) + T (—ivh),

which has Fourier symbol
Ap = (—ing) + 72 (=i,
and noting that there exist positive constants Cq, C;, and Ca such that

il <Ca @), |-l <Cotp), |Ay]| < Ca ).

Importantly, provided that n" # n", it is not difficult to establish the crucial fact that

Ap # 0. Finally, one can also find a positive constant C'x-1 such that

< Cpa ()7

P

With this it is a simple matter to realize that A™! exists and that
A HTE o gt AT g e,

Next, we write generic elements of X® and Y* as

(o) < me ) e
V= €X®, R= 2
W -

Using the definitions of the norms of X® and Y?, and the facts

2ab < a® + 0%, | A+ B|* < (|4 + Bl
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we find that

1800V I3 = U = W2sse + || GooU + 72000 W | 370112
<2 ||U|ﬁ{s+3/2 +2 ||W||i1s+3/2 + Cg: ||U|ﬁ{s+3/2
+72CaCy (U s + W s ) + C3r4 IW v
< max{2, C%, 72CCy, *C3} (10 psrssa + IW porsr2)

= max{2, C&, 7°CcCy, 7' C3} | V|-,

so that Ago does indeed map X*® to Y* boundedly. We define the operator
B:=A"! oo 1
—Goo 1 7

I 0
BAypo=ApoB = ;
(i

so that the inverse of Ay exists and Aa é = B. Furthermore, as above,

and note that

|AGeR], = 1872000 = ) pesss + 167 (~GoC = ) yrvsr
< CR At N persss + CRar®Cr (161 sy + [0 urr2)
+ CA1CE ¢ ersrz + Ch-iCa (ICHposare + 0l 3or2 )
+ 2631 [0 e
< C3-max{2, G, €&, 7C, O3} (€1 rerare + 10 ger2)

= C% 1 max{2,Cg, C&,7°Cy, T C3} R[5~ ,

and Ag (1) maps Y?® to X* boundedly. O



CHAPTER 5

VALIDATION OF THE NUMERICAL SCHEME

5.1 Introduction

Verification of codes that numerically approximate solutions of partial differential equa-
tions entails establishing that the code is free of coding mistakes and capable of reaching
exact mathematical solutions given appropriate discretization (100; 101). This neces-
sitates the assessment of discretization errors using well-known benchmark solutions.
Exact analytical solutions with a sufficiently complicated solution structure are the ideal
benchmarks; they don’t have to be physically realistic because verification is a purely
mathematical endeavor. The Method of Manufactured Solutions (MMS) describes a sim-
ple and general procedure for producing such solutions and we now focus on applying
the MMS to our HOPS/AWE algorithm.

5.2 The Method of Manufactured Solutions

To validate our numerical scheme we utilized the MMS (102; 103; 104). To summa-
rize, we considered a general system of partial differential equations subject to generic

boundary conditions

Pv =0, in Q,
Bv =0, at 0f).

It is typically easy to implement a numerical algorithm to solve the nonhomogeneous

version of this set of equations

P'U = f’ in Q,
Bv=J, at 0f).

To test an implementation we began with the “manufactured solution,” v, and set
Fo:i=Pv, Ty:=J0.

Thus, given the pair {F,, J,} we had an exact solution of the nonhomogeneous problem,
namely v. While this does not prove an implementation to be correct, if the function v
is chosen to imitate the behavior of anticipated solutions (e.g., satisfying the boundary

conditions exactly) then this gives us confidence in our algorithm.

99
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5.3 Manufactured Solutions

We considered periodic, outgoing solutions of the Helmholtz equation (4.8a)
up(z,2) == Apeime”gz, peZ, A,eC, (5.1)
and their counterparts for (4.8b)
wy(x, 2) = Bpeiﬁxe_”;ﬂz, peZ, B,eC. (5.2)
We then defined, for a particular choice of p,

& i=up(z,g(z)), v = —0Onup(z,g(x)), (5.3a)
§w = wp(:c,g(af)), v = anp(.Z',g(.I')). (53b)

To validate the two—layer solver we set
=& =€, =" —72v. (5.4)

In order to test our implementation of the recursions, (5.4), we required the joint ex-

U

pansion of &“ &Y. v* and v" in € and 6. In analogy to our developments in §4.7 we

defined
EMP(x;¢e,0) == exp {Hivi(0)ef(x)}, ¢ € {u,w},

and then derived the terms &7, in the expansion

EIP(x;¢,0) Z Z ELP (z)e" ™.

n=0m=0
From these it was clear that
(@) = ApePTENP (1), &Y, (x) = Bpe P ELE (x), (5.5a)

V() = (=ivy +ibefo(@)) & m (@), Vi (2) = (7 + iPefa(2)) & (2).  (5.5Db)
We then considered the surface data for our two-layer scattering problem (cf. §4.2)
(@) = =90, p(a) = (i7" + ia(Dag))e "), (5.6)
and performed a joint expansion of ¢ and v in ¢ and §

Guom(2) = —E32,(2), (5.72)
Ynm(z) = (i’y;j + iaafz(x)) Enh (), (5.7b)
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where we outline our procedure to find the ngm in §5.5.
5.4 Taylor Series for v¢(0)

A key step in the development of our algorithm is to derive the Taylor series expansion

for ~, where

YE=72(0) = > Lm0 (5.8)

m=0

We started with the relationship
02+ (4)2 = (k)2

which implies

(i %‘im5’”> (Z%é) (14 6%) (k9 — (a, + 6a)°.
m=0

This gives
Z o Z’Yz,m—rvg,r = {(Eq>2 - (Qp)z} + 26 {(Eq)Q - gp} + 52 {<Eq)2 - (Q)2}
m= r=0
= (1) +26 {(£")? - a o} + 82 (1)

Therefore at order O(6%) we required

Tpo = Fs (5.9)
and at order O(6') we required
2((k)* —a o)
= vl A0, #0. (5.10)
f)/p70

This implies that it is crucial that l}i = 0 for all p in order to have a valid expansion of
(5.8). The ZZ satisying 1,3 = 0 are known as a Rayleigh singularity (or Wood’s anomaly).

So we made this assumption, lf, # 0, and continued our development to O(6%) where

4 ==7 ' B7 q 0 5.11
f)/p72 27570 ’ ’Yp,() # ’ ( )
and for O(6™), m > 2, we required
— > Lt Vo
7532 = = _pmr 'Yz,o #0. (5.12)

2717,0
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Remark 5.4.1. As discussed in (75) we must be away from a Rayleigh singularity, 1;1) =0,
for all p in order for our expansion to be valid. See the final section of (75) for a discussion

of the behavior of the function v;(d) in the neighborhood of a Rayleigh singularity.
5.5 Taylor Series for £97(x;¢,0)

Returning to our joint expansion

ETP (x5 ¢, 8) Zzgw’ )enom,

n=0n=0

we first calculated the Dirichlet data, (5.5a), when n = 0. We have

ETP(x;0,0) = exp{£0} =1,

therefore
1, m=0,
Egm(®) =
0, m>0,
and
u Apeiﬁx, m =0, w Bpeiﬁx, m =0,
go,m = ) gO,m =
0, m > 0, 0, m > 0.

We then evaluated (5.5a) when n > 0. Following the technique of Pourahmadi (105)
(and of Marchant and Roberts (106; 107)), we observed that

0-£7(;2,0) = (i} (0)f(x)) £ (a3, ). (5.13)

Inserting the Taylor series expansions for £ and 7} gives

o0 e} o.¢] o0
D) EP nem 6™ = (if) (Z g 5T> (Z > 5;{;;;15”5’”) :

n=1m=0 n=0m=0

Re—indexing the left-hand side and rearranging the order of terms on the right—hand

side forms
S e D =53 ( Lif) Zypm g) ngm
n=0m=0 n=0m=0

Upon equating like orders we found

3»&
ﬁ'ts

S

q,p _
gn+1,m -
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Therefore we have

fﬁ+1,m = Ape

(5.14)
f:;)—l—l,m: TL—|—1Z p,m—r nr?
where the initial data is
" Apeiﬁx, m =0, w Bpeiﬁx, m =0,
€O,m = ’ fO,m = (515)
0, m >0, 0, m > 0.

As (5.14) and (5.15) are valid for all values of m, we see that to find the coefficient at
order (n+1,m), one only needs the values of (n,0),...,(n,m). As an example, we have
£0.m from (5.15) which can be used to obtain £f , by (5.14). We can then recover all of
the &2 ..

We then calculated the Neumann data, (5.5b), when n = 0. We have

> AU U —_— > AW w —_—
u —potoe m=0, potoo M =0,
vy, = vy, =
o —iyY &l >O’ o iy EY >0
Z’Yp,mé.O,m? m ) Z’Yp,mé.O’m? m )
therefore
u —Z")/;OApeiﬁ$, m= 0’ w i’y;?LjOBpeiﬁwv m = O’
I/O’m - VO,m =
0, m > 0, 0, m > 0.

For (5.5b) and n > 0 we inserted the Taylor series expansions for £7 and ~; and used

(5.13) to deduce

5 St (So) (E) (£ 5 )

n=1m=0 n=0m=0

5050 (S ) (S X et e,
n=1m=0
Re-indexing the left-hand side and rearranging the order of terms on the right—hand
side forms

r

fypm Tfypr ]ank> "

n=0m=0 n=0 m=0

FY > <(ﬁffx Zv . ”> e,

n=1m=0 r=
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Upon equating like orders we found

f Pff
V711L+1,m: ZZVp,m r7p,r kgnk : Z p,m rgn 1,r
r= Ok 0
(5.16)

f pff
V;i}+1,m: ZZ’Yp,m rrYpr ké.;fk—’_ - Z Vp,m— rfn 1Lrs

rOkO

where our initial data is

—iyY AePt . m =0, iV BpePt . m =0,
V&m — p,0*°P V(z)ij _ p,0°P (5.17)
0, m > 0, 0, m > 0.

Analogously to the Dirichlet data, we see that (5.16) and (5.17) are valid for all values
of m. Therefore we can recover the coefficient at order (n 4+ 1,m) by the values of the

coefficients at order (n,0),...,(n,m).

Finally, we calculated the surface data, (5.7a), when n = 0. We have

gu,p(x; 07 6) = exp{—()} = 1>

therefore
» 1, m=0,
Egom () =
0, m>0
and
-1, m=0,
CO,m =
0, m > 0.

We then evaluated (5.7a) when n > 0. Inserting the Taylor series expansions for &P

and ~, and applying (5.13) gives

SO Ernnet s = (—if) (Z fyw) (Z 3 gg;;;sn(sm) |
r=0

n=1m=0 n=0m=0

Re—indexing the left-hand side and rearranging the order of terms on the right—hand

side forms
SN E b D =30 Y ( —if)ZW;”,mTE;L‘f) .
n=0m=0 n=0m=0 r=0

Upon equating like orders we found

P —
gn+1,m -
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Therefore we have

. m
if
Cuttm = =7 D Vpm—rEifs (5.18)
r=0
where the initial data is
-1, m=0,
Com = (5.19)
0, m > 0.

We then evaluated (5.7b) when n = 0. We have

iv;jvoé‘u’p m = 0,

0,m>
wo,m = wp
W;f,mgo,;m m > 0,
therefore
o, m=0,
d}O,m =

0, m > 0.

For (5.7b) and n > 0 we expanded
a=a(d) = Zakék,
k=0

and inserted the Taylor series expansions for «, &%, and ~; and used (5.13) to deduce

S 3 Genlom g (z »y;;,rar) (z fy;;,kak) (z 5 s:;,manam)
r=0 k=0

n=1m=0 n=0m=0
+ ffu (Z V;;J(sr) (Z ak5k> (Z > g;;l,mgnam> :
r=0 k=0 n=1m=0

Re-indexing the left-hand side and rearranging the order of terms on the right-hand

side forms

Z Z wn-l-l,m(n + 1)6n5m = Z Z ((f) Z Vg,m—r’)/g,rkgg,k> g"om

n=0m=0 n=0m=0 r=0 k=0
0o 00 m T
u u ngm
+ Z Z (ffa:) Z /Yp,mfraT*kgn—l,k g™,
n=1m=0 r=0 k=0

f m
wn—l—l,m = Z ’Yg,mfrfyg,r—kgg,k
0 (5.20)
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where the initial data is

i7;;,07 m = 07

Yom = (5.21)

0, m > 0.

As before, we can find the coefficient at order (n+ 1, m) by the values of the coefficients

at (n,0),...,(n,m).
5.6 The Domain of Analyticity

While the precise domain of analyticity of our solutions in (g,d) cannot be specified,
it is clear that the expansion of v4(d) only converges for § away from the Rayleigh
singularities. Therefore, our expansions are only valid on subsets of the (e,d)—plane
away from Rayleigh singularities. For instance, in the upper layer, Rayleigh singularities

occur when gf, = (k*)? which implies

2
g:i% {a—l— ;rp}’ for any p € Z. (5.22)

9

In the interest of maximizing our choice of § we selected a “mid—point” value of w which

is as far away as possible from consecutive Rayleigh singularities

o CO{aJrQ”(qH/Q)}. (5.23)

=47 pu d

About this value the nearest singularities are

) 2rq | mCo
“o T\ TG S T

2 1
+'_CO{Oé+ ﬂ-(q—i_ )}_w +LC()

4T pu d =4 pud’
S0 to maximize our range of w we choose, for some filling fraction 0 < o < 1,

TCo TCo
g =0 () <@ <t (o)

To express this in terms of § we recall that w = (1 + §)w, which gives

XE) T™C
— o .
o (qu“d) <o<o <qu“d>

Simplifying gives

g

- <(ad/w)+2q+1) <0< <(ad/ﬂ)12q+1>- (5.24)
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5.7 Numerical Results

Following our analysis in §5.3, we considered a wavenumber p = r and defined the

Dirichlet and Neumann traces

§H (@) = up(z,9(x)), V() = —Onus (2, g(x)), (5.252)
& (@) == w(,g(x), v (x) = Onw, (2, g(x)). (5.25D)

From these we defined the two—layer data to be provided to our algorithm
Grim =0, = i — 2, (5.25¢)

cf. (5.4). We selected the profile

glz) =cf(z) =€ < 1 ) : (5.26)

d=2m, a=0, =1 =11, r=4, A.,=5 B,=3, (5.27)
in TM polarization, and the numerical parameters
N,=32, N,=32, a=1, b=-1. (5.28)

With a rescaling of the frequency (e.g., via a change of the time variable, t' = t/cg) we

arrange for c¢g = 1 and considered the base frequency
Wi = 3/2a

and filling fraction ¢ = 0.99. To illuminate the behavior of our scheme we studied four

choices of the numerical parameter
N =M =4,8,12,16,
and the physical quantities
e=10"2,10"%107%,1078,

in (5.26). For this we supplied the “exact” input data, {(., ¥y}, from (5.25) to our HOP-

U,approx w,apprOX}
s ' ST .

S/AWE algorithm to simulate solutions of the two—layer problem giving {{



108 5.7  Numerical Results

. . t t
We compared this with the “exact” solutions {&"“*" &”*“} and computed the rela-
tive error
u,exact U,approx
T - £T
“o— 0.9
Error,q := .
u,exact
T
o0

The results of our simulations are shown in Figures 13 and 14. More specifically, Fig-
ure 13 displays both the rapid and stable decay of the relative error for fixed N and M,
and how this rate of decay improves as (g,0) decrease. Figure 14 shows both how the
error shrinks as (e, ) become smaller, and that this rate is enhanced as both N and M

are increased.

Relative Error 4 Relative Error
0.01 =10 "
-7
0.008
-8
0.006 @
53] -10
0.004 11
-12
0.002
-13
0 -14
1.2 1.4 1.6 1.8 1.2 1.4 1.6 1.8
w=w(1+4d) w=w (1+4)
(a) N=M =4,e =107 (b) N=M =4,e=10"*
106 Relative Error Relative Error
1 -85
-10
11
06 s
W
-12
04
-12.5
-13
0.2
13.5
-14

12 14 16 18 12 14 16 18
w=w(1+9) w=w(1+4)

() N=M=4,6=10"° (d) N=M=4,¢6=10"8

Figure 13: Plot of relative error in the upper layer with fixed N = M = 4 and four
choices of e = 1072,1074,107%,10~® with Taylor summation. Physical parameters were

(5.27) and numerical discretization was (5.28).
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Relative Error

Relative Error

0.01 -4 1 8
-9
0.008 -6 0.8
-10
0.006 -8 0.6
5] [55) =11
0.004 -10 04
-12
0.002 -12 02 13
-14 0 -14
1.2 1.4 1.6 1.8 1.2 1.4 1.6 1.8
w=w(l+0) w=w (1+4)
(a) N=M =4, =10"7 () N=M =8,¢6=10""*

Relative Error 8
%10

12 14 16 18 1.2 14 :
w=w (1+9) w=w (1+4)

Relative Error

1.6 1.8

() N=M =12, =10"° (d) N=M =16,e =1078

Figure 14: Plot of relative error in the upper layer with four choices of N = M =
4,8,12,16 and four choices of e = 1072,107%,107%, 10~® with Taylor summation. Phys-

ical parameters were (5.27) and numerical discretization was (5.28).

We then analyzed the lower lower—layer Dirichlet data with the sinusoidal profile

o) = s = (P

We used the following physical parameters

in TM polarization, and the numerical parameters

N,=32, N,=32, a=1, b=-1

(5.29)

B, =5, (5.30)

(5.31)
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With these, we computed the relative error

w,exact w,approx
I - gr

x

EI‘I‘OI‘rel =
w,exact
r

oo

The results of our simulations are shown in Figures 15 and 16. More specifically, Fig-
ure 15 displays both the rapid and stable decay of the relative error for fixed N and M,
and how this rate of decay improves as (g,0) decrease. Figure 16 shows both how the
error shrinks as (e, ) become smaller, and that this rate is enhanced as both N and M

are increased.

Relative Error

Relative Error

0.008

0.006

0.004

0.002

1.2 1.4 1.6 1.8 1.2 1.4 1.6 1.8
w=w(1+4d) w=w (1+4)
(a) N=M =4,6 =10"? () N=M=4,¢=10""*

Relative Error Relative Error

&

©

-10

-11

-1z

-13

12 14 16 18 12 14 16 18
w=w (1+4) w=w(1+9)

() N=M=4,6=10"° (d) N=M=4,¢6=10"8

Figure 15: Plot of relative error in the lower layer with fixed N = M = 4 and four
choices of e = 1072,1074,107%,10~® with Taylor summation. Physical parameters were

(5.30) and numerical discretization was (5.31).
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Figure 16: Plot of relative error in the lower layer with four choices of N = M =
4,8,12,16 and four choices of e = 1072,107%,107%, 10~® with Taylor summation. Phys-

ical parameters were (5.30) and numerical discretization was (5.31).



CHAPTER 6
SCATTERING AND REFLECTIVITY

6.1 Introduction

We can now define one of our primary objects of study, the Reflectivity Map. The Re-
flectivity Map (R) measures the response (reflected energy) of a periodically corrugated
grating structure as a function of illumination frequency, w, and corrugation amplitude,
h. A HOPS method takes a perturbative view towards the geometric dependence of R

on h =¢, ¢ < 1, by seeking the terms in the expansion about £ = 0,
[e.9]
R=R(s) =)  Rne".
n=0

With this, we realize an enormous savings in computational effort by conducting a
new computation only for each choice of w and then summing the formula above for
any desired value of €. Taking this philosophy to its natural conclusion, we consider

w=(146)w = w+ dw and perform a joint expansion of this map about (¢ = 0,w = w)

R = R(e,0) = i i Ry, me"d™.

n=0m=0

One would assume that a single computation, recovering all of the R, ;,, should be
sufficient to compute the entire Reflectivity Map. However, the situation is not so
simple as these expansions are not valid for all values of (e, d) and we found in §5.4 that
the Rayleigh singularities (often called Wood’s anomalies) enforced finite—size domains
of convergence in §. Nonetheless, we now undertake a more in—depth investigation and
will focus on applying our HOPS/AWE algorithm based on the TFE methodology to the
TE and TM polarizations. In §6.2 we state the mathematical meaning of the Reflectivity
Map. Then in §6.3, §6.4, and §6.5 we perform an extensive series of numerical simulations

to test the fidelity of the Reflectivity Map in both the TE and TM polarizations.
6.2 The Reflectivity Map

Recalling the solution (4.3) to the Helmholtz equation in the upper layer

o
.
u(z, z) = E ape’p”"“%ﬁ

p=—00

we note the very different character of the solution for wavenumbers p in the set
2 2
U“::{pEZ]ap<(k“) },

112
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and those that are not. From our choice of the branch of the square root, components of
u(x, z) corresponding to p € U" propagate away from the layer interface, while those not
in this set decay exponentially from z = g(x). The latter are called evanescent waves
while the former are propagating (defining the set of propagating modes ") and carry
energy away from the grating. With this in mind we define the efficiencies (6)

2
ep = (/7)) lapl”, peUd"
and the Reflectivity Map

R := Z €p- (6.1)
pEUY

Similar quantities can be defined in the lower layer (6), and with these the principle of

conservation of energy can be stated for structures composed entirely of dielectrics
U 2 wo__
YDETED Sp )
peU peEUW

In this situation a useful diagnostic of convergence for a numerical scheme (which we

will utilize in our simulations) is the Energy Defect
Di=1-) ei—7"> ep, (6.2)
pEU® peEUW
which should be zero for a purely dielectric structure.
6.3 Simulations of the Reflectivity Map: TM Mode

Using our novel HOPS/AWE approach in TM polarization (cf. §1.7) we computed

N,M,N;,N:,TM _
RHOPS/AWE ~ I,

for a range of € and §. As in our previous work (75), we show the kind of simulations

this HOPS/AWE method can produce with modest computational effort. For this we

selected w,, cf. (5.23), for 1 < ¢ < 6 and simulated R in the following frequency/wave-

length ranges

q= w € [1.005,1.995] = X € [3.14947,6.25193),
q= w € [2.005,2.995] = A€ [2.09789,3.13376],
q= w € [3.005,3.995] = A€ [1.57276,2.09091], 63
g=4: wec 40054995 = Ac[1.25789,1.56884],
q= w € [5.005,5.995] = A€ [1.04807,1.25538],
¢=6: wel6.0056.995 = Ac[0.89824,1.04633],
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cf. (5.24). In addition, we selected

with the parameters
a=0, 0=099, n"“=1, nY=11, N,=N,=32, N=M=16. (6.5)
For all of our simulations in the TE and TM modes in §6.3, §6.4, and §6.5 we selected
co=1, d=2m,

where ¢q is the speed of light and d is the periodicity of the grating. For all of the

simulations in §6.3 we enforced the artificial boundaries in the computational domain

In Figure 17(a) we plot all six of these subsets of the Reflectivity Map on one set of
coordinate axes, and in Figure 17(b) we plot the Energy Defect, (6.2), to verify the

accuracy of our expansions.

R
0.2 1

w01 ‘H‘—__—_\
0.96

0.95

0.94

0 093

(a) Reflectivity Map (b) Energy Defect

Figure 17: The Reflectivity Map, R(¢,d), and Energy Defect D computed with Taylor
summation. We set N = M = 16 with a granularity of N = Ns = 100 per invocation.

The grating surface was (6.4) and physical parameters were (6.5).

We then changed to non—normal incidence (a # 0) and increased the granularity
to N = Ns = 1000 per invocation. In Chapter 7 we will discuss the advantageous
computational complexity our HOPS/AWE algorithm enjoys in this situation of large
N. and Ns. We selected

f(z) =cos(x), Emax =0.2, (6.6)
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with the parameters
a=10"% =099, n*=1, n¥=11, N,=N,=32, N=M=16. (6.7)

In Figure 18(a) we plot six different subsets of the Reflectivity Map on a single coordinate
axis, and in Figure 18(b) we plot the Energy Defect to demonstrate the accuracy of our

scheme with a nonzero value of .

R

\ 0.96

0.95

0.94

0 0.83

(a) Reflectivity Map (b) Energy Defect

Figure 18: The Reflectivity Map, R(e,0), and Energy Defect D computed with Taylor
summation. We set N = M = 16 with a granularity of N, = Ns = 1000 per invocation.

The grating surface was (6.6) and physical parameters were (6.7).

Next, we considered normal incidence (o = 0) and changed the lower index of re-
fraction n" to match representative values of silver (Ag) and gold (Au) as reported by

Johnson & Christy (108), in particular
nag = 0.05 +2.275¢, na, = 1.48 + 1.883i.
Using the same frequency and wavelength ranges, we studied
f(z) = cos(4x), emax = 0.2, (6.8)
with the parameters
a=0, =099, n*=1, N,=N,=32, N=M=15. (6.9)

In Figure 19(a) we plot six different subsets of the Reflectivity Map where the lower
index of refraction is selected to model the optical constant of silver. In Figure 19(b)
we plot six different subsets of the Reflectivity Map where the lower index of refraction

is changed to the optical constant for gold.
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W
WK

0.05

(a) Reflectivity Map for Silver (b) Reflectivity Map for Gold

Figure 19: The Reflectivity Map, R(e,0), for silver (left) and gold (right) with Padé
summation. We set N = M = 15 with a granularity of N. = Ng = 100 per invocation.
The grating surface was (6.8) and physical parameters were (6.9) with n" = na, (left)

and n" = nyp, (right).

We then changed the lower index of refraction n" to match representative values of

tungsten (W) and iron (Fe) as reported by Ordal et al. (109), where
nw = 3.8313 + 2.90437, np. = 4.274 4+ 9.5791.

From these, we studied
f(z) =sin(4z), emax = 0.2, (6.10)

with the parameters
a=0, 0=099, n“=1, N,=N,=32, N=M-=15. (6.11)

In Figure 20(a) we plot six different subsets of the Reflectivity Map where the lower
index of refraction is selected to model the optical constant of tungsten. In Figure 20(b)
we plot six different subsets of the Reflectivity Map where the lower index of refraction

is changed to the optical constant for iron.
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(a) Reflectivity Map for Tungsten (b) Reflectivity Map for Iron

Figure 20: The Reflectivity Map, R(e,d), for tungsten (left) and iron (right) with Padé
summation. We set N = M = 15 with a granularity of N. = Ng = 100 per invocation.
The grating surface was (6.10) and physical parameters were (6.11) with n® = ny (left)

and n" = npe (right).

We then changed back to non-normal incidence (o # 0) and reduced our total

computation time by simulating R in the following frequency /wavelength ranges

g=1: we][l005,1.995] = X & [3.14947,6.25193),
g=2: we[2005,2995 = \&[2.09789,3.13376],
¢=3: we[3.005,3.995] = A€ [1.57276,2.09091].

We selected
f(z) = cos(3x), emax =0.2, (6.12)

with the parameters
a=0.01, 0=099, n“*=1, n¥=31874, N,=N,=64, N=M =13, (6.13)

and the value of n" is meant to model Zinc germanium phosphide (110). In Figure 21(a)
we plot three different subsets of the Reflectivity Map on one set of coordinate axes. In

Figure 21(b) we plot the Energy Defect to show the accuracy of our scheme in the case

a #0.
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Figure 21: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 13 with a granularity of N. = Ns = 100 per invocation.
The grating surface was (6.12) and physical parameters were (6.13) with n" = 3.1874

(Zinc germanium phosphide).

Next, we studied
f(:)j) = Sin(3l‘)v €max = 0.2, (614)

with the parameters

a=0.01, 6=099, n*=1, n¥=21054, N, =N,=64, N=M =13, (6.15)

and the value of n" is meant to model Zinc monoxide (111). In Figure 22(a) we plot

three different subsets of the Reflectivity Map on one set of coordinate axes. In Figure

22(b) we plot the Energy Defect to show the accuracy of our scheme in the case o # 0.
R
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Figure 22: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 13 with a granularity of N, = Ng = 100 per invocation.
The grating surface was (6.14) and physical parameters were (6.15) with n* = 2.1054

(Zinc monoxide).
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Seeking to understand what occurs for non—physical values of the dielectric constants,

we simulated R with the first frequency/wavelength range in (6.3) and selected
f(z) =cos(x), emax = 0.4, (6.16)
with the high refractive indices
a=0, 0=099, n"=5 n"=81 N,=N,=32, N=M=12,  (6.17)

In Figure 23(a) we plot a single subset of the Reflectivity Map on a single coordinate
axis, and in Figure 23(b) we plot the Energy Defect. Our choice of dielectric constants

produces an interesting pattern in the computation of R.
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Figure 23: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 12 with a granularity of N. = Ng = 100 per invocation.
The grating surface was (6.16) and physical parameters were (6.17).

We then studied
f(z) =cos(x), emax = 0.2, (6.18)

with a purely imaginary index of refraction in the lower layer
a=0.1, 0¢=099, n"“=15 nY=20, N,=N,=32, N=M=15. (6.19)

In Figure 24(a) we plot a single subset of the Reflectivity Map on a single coordinate
axis, and in Figure 24(b) we plot the Energy Defect, where we once again observe an
interesting pattern generated through our choice of dielectric constants. As the lower
refractive index, n', is purely imaginary, we do not expect that (6.2) holds and D # 0.
Nonetheless, we still found scattered energy in the far—field and small values of D when

the value of n" is purely imaginary.
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Figure 24: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 15 with a granularity of N. = Ns = 1000 per invocation.
The grating surface was (6.18) and physical parameters were (6.19).

Finally, we selected
f(z) =sin(x), emax =0.2, (6.20)

with the parameters
a=0.1, 0¢=0.99, n"“=10, nY =40, N,=N,=32, N=M=20. (6.21)

In Figure 25(a) we plot a single subset of the Reflectivity Map and in Figure 25(b) we
plot the Energy Defect.
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Figure 25: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 20 with a granularity of N. = Ng = 100 per invocation.
The grating surface was (6.20) and physical parameters were (6.21).
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6.4 Simulations of the Reflectivity Map: Smooth, Rough, and Lips-
chitz Profiles

We then simulated R with the first frequency/wavelength range in (6.3) with TM polar-
ization and selected two—dimensional domains whose upper boundaries are shaped by

the profiles

fs1 (x) = COSE;Lx)a (6.22&)
for (@) = W - co, (6.22h)
fr(z) = (2 % 1074) xt (27 — :c4) —c1, (6.22¢)

—2z/m+1, 0<z<m,
fr(z) = (6.22d)
2z /7 — 3, <z <2m,

where fs,, fs, represent a smooth (C°*°) boundary and f,, f1 depict moderately smooth
(C*) and Lipschitz boundaries. Following (112), the constant cg in (6.22b) is chosen so
that fs, has zero mean (as does f, with the appropriate choice of ¢1). The Fourier series

representation of f. and fr are

> 96 (2k*m? — 21)

frl) =) or i cos(kz), (6.23a)
k=1

fm) =3 7T2(2;_1)2 cos ((2k — 1)), (6.23D)
k=1

and to minimize the effect of aliasing errors we approximated f, and fr, by the truncated

Fourier series

P 2,2

frop(z) = Z %0 (21;25168 21) cos(kz), (6.24a)
e

frp(z) = Z 2k 1) cos ((2k — 1)z). (6.24b)
k=1

If P <« N./2 then the effects of aliasing are minimal and we chose P = 120 for all of

our simulations. For the smooth profiles, we selected
f(x) = fs,(2), emax =40, a=10, b=-10, (6.25)

and
f(x) = fsy (), Emax =20, a=4, b= —4, (6.26)
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with the parameters
a=0, ¢=099, n“*=1, n¥=1.1, N, =256, N, =128, N=M =20. (6.27)

In Figures 26(a) and 27(a) we plot a single subset of the Reflectivity Map on a coordinate
axis and in Figures 26(b) and 27(b) we plot the Energy Defect.
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Figure 26: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 20 with a granularity of N. = Ng = 100 per invocation.
The grating surface was (6.25) and physical parameters were (6.27).
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Figure 27: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 20 with a granularity of N. = Ns = 100 per invocation.
The grating surface was (6.26) and physical parameters were (6.27).

Next, for the rough profile, we selected

f(x) = frp(z), emax =20, a=4, b=—4, (6.28)
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and for the Lipschitz profile, we selected
f(x) = frp(z), emax =20, a=4, b=—4, (6.29)
with the parameters
a=0, 0=099, n“=1, n¥=1.1, N, =1024, N,=128, N =M =20. (6.30)

In Figures 28(a) and 28(b) we plot the Reflectivity Map and Energy Defect for the rough
profile on a single coordinate axis and compare this to an equivalent simulation for the
Lipschitz profile in Figures 28(c) and 28(d).
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Figure 28: The Reflectivity Map, R(g,0), and Energy Defect D computed with Padé
summation. We set N = M = 20 with a granularity of N = Ng = 100 per invocation.
(Top) The rough profile with grating surface, (6.28), and physical parameters, (6.30).
(Bottom) The Lipschitz profile with grating surface, (6.29), and physical parameters,
(6.30).
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6.5 Simulations of the Reflectivity Map: TE Mode

We then changed to TE polarization (cf. §1.6) and turned back to computing

N,M,Ng,N.,TE _,
RHOPS/AWE ~ I,

for a range of € and §. As in TM polarization, we simulated R with the frequency/wave-

length ranges in (6.3). For our first simulation, we studied
f(x) =cos(x), emax=02, a=1 b=-1, (6.31)
with the parameters
a=0, ¢=099, n"=1, n"=11 N,=N,=32, N=M=15 (6.32)

In Figure 29(a) we plot all six of these subsets of the Reflectivity Map on one set of
coordinate axes, and in Figure 29(b) we plot the Energy Defect.

R
0.2
11
0.15 1.08
1.06
w01
1.04
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(a) Reflectivity Map (b) Energy Defect

Figure 29: The Reflectivity Map, R(¢,d), and Energy Defect D computed with Taylor
summation. We set N = M = 15 with a granularity of N. = Ng = 100 per invocation.
The grating surface was (6.31) and physical parameters were (6.32).

We then changed to non—normal incidence (o # 0) and increased the granularity to

N, = N5 = 1000 per invocation. We once again studied
f(z) =cos(x), €max=02, a=1 b=-1, (6.33)
with the parameters

a=10"% =099, n*=1, n*=11, N,=N,=32 N=M=15 (6.34)



Chapter 6 Scattering and Reflectivity 125

In Figure 30(a) we plot all six of these subsets of the Reflectivity Map on one set of
coordinate axes, and in Figure 30(b) we plot the Energy Defect, to verify the accuracy

of our expansions.
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(a) Reflectivity Map (b) Energy Defect

|

Figure 30: The Reflectivity Map, R(g,d), and Energy Defect D computed with Taylor
summation. We set N = M = 15 with a granularity of N, = Ns = 1000 per invocation.
The grating surface was (6.33) and physical parameters were (6.34).

Next, we considered normal incidence (o = 0) and changed the lower index of re-
fraction n" to match representative values of copper (Cu) and cobalt (Co) as reported
by Johnson & Christy (108; 113), in particular

ncy = 0.94 4+ 1.3376, nco = 2.1396 + 3.9840:.
Using the same frequency and wavelength ranges, we studied
f(x) =sin(bz), emax =02, a=2/m, b= -2/m, (6.35)
with the parameters
a=0, 0=099, n“=1, N,=N,=32, N=M-=15. (6.36)

In Figure 31(a) we plot six different subsets of the Reflectivity Map where the lower
index of refraction is selected to model the optical constant of copper. In Figure 31(b)
we plot six different subsets of the Reflectivity Map where the lower index of refraction

is changed to the optical constant for cobalt.
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(a) Reflectivity Map for Copper (b) Reflectivity Map for Cobalt
Figure 31: The Reflectivity Map, R(g,d), for copper (left) and cobalt (right) with Padé
summation. We set N = M = 15 with a granularity of N, = Ng = 100 per invocation.
The grating surface was (6.35) and physical parameters were (6.36) with n" = nc, (left)

and n" = ng, (right).

We then analyzed non—physical values of the dielectric constants. We simulated R

with the first frequency/wavelength range in (6.3) and selected
f(z) =cos(z), emax =02, a=mn/2, b=-7/2, (6.37)
with a purely imaginary index of refraction in the lower layer
a=0.001, 0=099, n“=5 nY=20, N,=N,=32, N=M=15 (6.38)

In Figure 32 we plot the Reflectivity Map and Energy Defect on a single coordinate axis

to demonstrate the accuracy of our scheme with a non—physical dielectric constant.
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(a) Reflectivity Map (b) Energy Defect
Figure 32: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé
summation. We set N = M = 15 with a granularity of N = N5 = 100 per invocation.
The grating surface was (6.37) and physical parameters were (6.38).
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Lastly, we selected

f(z) =sin(z), emax =02, a=2/m, b=-2/T, (6.39)
and

f(z) =cos(x), emax=02, a=2/m, b=-2/7, (6.40)

with the parameters

a=01, =099, n*=10, n" =25,

N,=N,=32, N=M=15 (6.41)

In Figures 33(a) and 33(b) we plot the Reflectivity Map and Energy Defect for the sine

profile on a single coordinate axis and compare this to an equivalent simulation for the

cosine profile in Figures 33(c) and 33(d).
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Figure 33: The Reflectivity Map, R(e,d), and Energy Defect D computed with Padé

summation. We set N = M = 15 with a granularity of N, = Ng = 100 per invocation.

(Top) The grating surface was (6.39) and physical parameters were (6.41). (Bottom)

The grating surface was (6.40) and physical parameters were (6.41).



CHAPTER 7

CONCLUSIONS AND FUTURE WORK

This thesis establishes a novel HOPS/AWE algorithm that is particularly well suited
to simulating scattering returns for periodic media problems. Our main contribution is
that of Theorem 4.6.1 which guarantees the existence and uniqueness of solutions to a
system of partial differential equations which model the interaction of linear waves in
periodic layered structures with respect to multiple perturbation parameters. Through
the introduction of DNOs and a change of variables based on the TFE methodology, we
have shown that solutions to the Helmholtz problem are jointly analytic with respect to
both interfacial and frequency perturbations. As a result, our HOPS/AWE algorithm
is able to handle a variety of numerical simulations that are physically challenging in
both the TE and TM polarization modes. Moreover, our extensive numerical results

demonstrate the accuracy, speed, and robustness expected of all HOPS methods.
7.1 Future Directions

There are a wide range of improvements to both the HOPS/AWE algorithm and the
proof of analyticity for linear waves in periodic layered media. Our main goals for
future research are to expand the TFE method through a new proof of convergence, in-
vestigate expanding around singularities, evaluate analyticity theorems in multilayered
configurations, add new parallel programming functionality, explore alternative meth-
ods to recover surface data without Dirichlet—-Neumann Operators, and to reduce the
execution time of the HOPS algorithm. We now summarize these six research goals and

suggest predictions for future research.

Goal 1- Choice of Parameters: Does the geometry of the perturbation im-

pact how large the size of the perturbation can be?

Goal 2- Rayleigh Singularities: Can we build a full HOPS algorithm based

on points where the Taylor expansion is invalid?

Goal 3- Multiple Layers: Can we prove analyticity results when the number
of layers is greater than three? Do the same theorems hold for ten or

one hundred layers?

Goal 4- Parallel Programming: Can we implement parallel programming

techniques so that our HOPS code runs on N processors?

Goal 5- Alternatives to DNOs: Do we need to use DNOs to recover surface
data from information stored in the transformed field? Is there an
alternative method which preserves the inversion of a single, sparse
operator at the interface?

128



Chapter 7 Conclusions and Future Work 129

Goal 6- Computational Costs: Can we reduce the execution time per time

step in our HOPS algorithm?
7.2 Choice of Parameters
Our HOPS/AWE algorithm is based on two smallness assumptions:

[1] Boundary Perturbation: g(z) =ef(z),c € R, e < 1,

[2] Frequency Perturbation: w = (1 4+ §)w = w + dw, w € R, § < 1,
with the additional assumption that f is sufficiently smooth (f € C? (114; 68) or
even Lipschitz (115)). Numerical simulations show that our HOPS/AWE algorithm can
handle larger perturbations of € (the height/slope) in comparison to d (the frequency).
With modest test parameters and a period of d = 27, we are able to perturb the value
of € (to e = 0.1 or even € = 0.2) and still get reasonable convergence results. At a value
around £ = 107*, our HOPS/AWE algorithm converges to machine precision provided

that we sum to high enough Taylor orders.

4o Relative Error: ¢ = 0.1, ¢ = 107" Relative Error: ¢ = 1071, § =0.1
)

=11 01 -9.5

0.08

0.06

-12.4 0.02

128 0
0 0.02 0.04 0.06 0.08 0.1 0 0.2 0.4 0.6 0.8 1
£ E w1010

(a) Large €, Small 0 (b) Small e, Large ¢

Figure 34: A contour plot of the relative error computed with our HOPS/AWE algorithm
by holding N = M = 8 Taylor orders fixed. In Figure 34(a) we expand up to £ = 0.1
and § = 107'% simultaneously with N = M = 8 Taylor orders. In Figure 34(b) we
expand up to € = 1071 and § = 0.1 simultaneously with N = M = 8 Taylor orders.

Supplementary testing in both the upper and lower layers confirms that our HOP-
S/AWE algorithm is better suited towards larger ¢.

Predictions: Our HOPS/AWE methodology takes advantage of exact enforcement
of the OWC at an artificial boundary in order to truncate the computational domain to
one of finite extent. After flattening the surface, the DNOs recover information through
the solution stored at the interface. We suspect that this process mitigates large pertur-

bations of the height/slope. By following techniques developed in (93; 116; 98; 117), we
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intend to rigorously prove that the TFE method is analytic when ¢ is large. Addition-
ally, we are interested in perturbing other physical parameters in the context of layered

media problems. These are discussed in the engineering literature (118; 119).
7.3 Rayleigh Singularities

A fundamental equation in the HOPS/AWE algorithm is
oy + (75(9)* = (K1),

where k7 represents the wavenumber, ¢ € {u,w}, and a = k%sin(0),y = k?cos(f), are
parameters corresponding to refraction/reflection of the incidence angle . As shown
in §5.4, a Rayleigh singularity (or Wood’s anomaly) occurs when Qg = (k7)? for any
integer p # 0. That is, if 12(5) = 0 for p # 0 then the Taylor series expansion of v;(d)
is invalid. In (75), the author investigated changing the Taylor expansion to a Puiseux
expansion (120):
o0 o0
,Yg((;) — Z ,yg’m(;m—i-l/Q _ 51/2 Z 'Yg,m m
m=0 m=0
However, he found that this approach ran into external difficulties (§6 of (75)) simplify-

ing explicit forms of the Dirichlet and Neumann trace operators.

Predictions: Rayleigh singularities are a central obstruction to the convergence of
our HOPS/AWE algorithm. In all of our numerical tests, we select custom frequency
ranges which maximize the radius of convergence of our algorithm by expanding away
from the singularities (cf. §5.6). Alternative methods such as Padé summation also
fail to be analytic in a neighborhood of a Rayleigh singularity. General perturbation
theory provides a variety of known techniques (121; 122; 123; 124; 125) for expanding
around divergent perturbation series. We suspect that adding these techniques to our
HOPS/AWE algorithm will allow us perform a series expansion of 1}%(5) that does not
diverge when 12(5) =0.

7.4 Multiple Layers

In (98), the author discusses how to apply our HOPS methodology in multilayered

configurations. He considers a multilayered material with M (finite) interfaces at
2z =a™ +g(m)(x,y), 1<m< M,
which are d, x dy periodic
9" (@ + duyy +dy) = ¢ (,y), 1<m <M,

separating (M + 1)-many layers.



Chapter 7 Conclusions and Future Work

131

Figure 35: A five-layer problem configuration with layer interfaces z = a(™) + ¢(™) (x).

A generalization of our analyticity theorems (cf. §4.5) up to M parameters is in-

cluded as Theorem 3.2 in (98). For this, we consider quite general systems of linear

equations of the form
A(E)V(e) =R(9),

where

o0 o
A@E) =) A&, R(E) =) Ry
=0 =0
The tildes represent multi-index notation (126), in particular

€1 ni

EM nym

and the convention

[e.e] [ee]

o
E Ay & = E E Am,---,nMg?lu"'E%M‘
=0

n1=0 nyr=0

As in §4.5, we seek a solution of the form
V(@) =) Vid,
=0

and from (7.1) we find at order O(&")

AVa=Ra— D A, ;V;—AVs |,
=0

(7.1)

(7.2)
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or

Vi=Ag' SRa— | D A, ;V;— AV | ¢ (7.3)
=0

The above notation represents multi—indices in the form

nny

n ni
ZAFL—ZVZ = Z Z Ay —tr, g —tas Vil
/=0 0=0  £p=0

where 1 = (nl,...,nM),Z:(ﬁl,...,ﬁM), and 0 = (0,...,0) with the convention
>0 < n >0,...,npy >0, £>0 < 0, >0,...,00 >0.

With these, we can extend our existence theorem (Theorem 4.5.1) to M parameters.
Theorem 7.4.1. Given two Banach spaces, X and Y, suppose that:

[1] Ry €Y foralln >0, and there exist M —multi—indexed constants Cr > 0, B > 0,

C'R,l B?zﬁ
CR - ) Bz - : )
Crm By
such that
IR:lly < CrBE,

2] An: X =Y foralln > 0, and there exist M—multi—indezxed constants Cy > 0,
By > 0 such that
1Asllx .y < CaBj,
3] Ag':Y — X, and there exists a constant C. > 0 such that
140

Hlyox < Ce.

Then the equation (7.1) has a unique solution,
o0 ~
V(E) =) Ve, (7.4)
=0
and there exist M —multi—indexed constants Cy > 0 and By > 0 such that

IVally < CvBY,
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for all n >0 and any
Cv >2C.Cr, By >max{Bg,2B4,2"*'C.CaB4},

enforced componentwise. This implies that, for any M —-multi-indexed constant 0 < p <

1, (7.4), converges for all € such that BE < p, i.e., € < p/B.

Remark 7.4.1. Our proof strategy is a form of multidimensional induction where given a
statement P(ni,ng,ns,...,nyr) for some M € N, we will show that Vni,na,...,ny > 0,

P(ny,n9,n3,...,nps) is true by inducting on ny;. We will follow the steps outlined below.

[1] Establish P(0,...,n;,...,0) forall 1 <j < M and ny,...,n; > 0.

2] Given P(ni,ng,...,nj,...,0) for all 1 < j < M and ny,...,n; > 0, establish

P(ni,ng,...,nj,...,0). This can be accomplished through the two steps below.

(a) Establish P(0,...,7nj,...,0) for all n; > 0 (where the hypothesis in [2] gives
the required case for n; < n;).
(b) Given P(ni,na,...,n;,...,0) forall 1 < j < M and ny < fg,ng < A, ...,

n;—1 < nj—1 and n; > 0, establish P(ﬁl,ﬁQ, N T 0).

[3] Given P(np,ng,.. .,nj,nj+1,...,0) foralll1 < j+1< M and nq,... ,njp1 > 0,
establish P(ni,ng,...,nj,M11,...,0). This can be accomplished by following the

two steps outlined below.

(a) Establish P(0,...,7;41,...,0) for all nj41 > 0 (where the hypothesis in [3]

gives the required case for nj11 < nj41).

(b) Given P(ni,ng,...,nj,Njt1,...,0) forall 1 <j+1 < M and ny < fg,ng <

na,...,nj < n; and njy1 > 0, establish P(n1,ne, ..., 75, 41 ..,0).
[4] Given P(ni,na,...,ny—1,nn) for all ny,ng,...,ny—1 > 0 and nys < npy, estab-
lish P(ni,ng,...,nap—1,7ar). This can be accomplished by the two steps below

(the base cases are handled through [2] and [3]).

(a) Establish P(0,...,7n7) for npr > 0 (where the hypothesis in [4] handles the

required case for nyr < npy).
(b) Given P(nl,nz,...,nM,l,ﬁM) for all n1 < n1,n9 < Na,...npy—1 < Np—1

and np; > 0, establish P(ny, N, ..., An—1,7pr)-

Proof. [Theorem 7.4.1] As with & and 7, we represent p by

M
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As before, we will work by induction and consider the general case for finite M > 0

where we want to establish

n M
||Vn17---7nMHX <Cya.. -C'V,MBV}1 .. .vi‘]{/[, Vnq,...,na > 0.
We prove this via an induction on nys. The base case ni,na,...,nj-1,1nj41,..., ny =0
and 1 <j < M:
B .
HVO,...,n]-,...,OHX < CV:JBV,]'? an >0,

has previously been established by Theorem 4.5.1 where € = €; and § = 0. We now

assuine

n;

HVn17..,,nj7.,,,0}|X < CV,l .. 'CV,jB\Tj’ll . ..Bij, Yni,... yNj—1 2> 0, V?”Lj < ny, 1<5< M,

and seek
anl,m’ﬁj’m,gHX S CV,l e CV,jB{le e B‘r;fj, an, e ,nj_l 2 0.
This can be obtained through a chain of (M — 1) inductions on ni,...,n; where 1 <

J < M. For simplicity, we will show what happens in the arbitrary case n;. The base

case n,...,n;_1 = 0:

Vool < CvsBE, v, >0

is established by Theorem 4.5.1 where ¢ = ¢; and J = 0. Therefore, we assume

n g — — —
”va“:ﬁjv--’OHX < CV,l s CV’jBV,ll ce BV,Jj’ V?’Ll < Niyenn, nj—1 < nj—1, an > 0,

1<j<M,

and seek

n

Hvﬁl,...,ﬁj,...,OHX S CV,l e CVJB‘rzll e BV,J]

Recalling 7 = (n1,...,n;) and [ = (41,...,4;), we define

~ ok ~
n n

DAL V=Y AL V- AV, (7.5)
=0 =0

and apply (7.3), (7.5) and the mapping properties of Aal to find

S %
n

Vsl x < Ce § IRarmlly + D2 (1A Vil
=0
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and Ap,  n,; (for all ny,...,n;) and Vi, o, (01 <

Using the estimates on Ry, . » j

J

ni,...,nj < n;) we have

P
a1 nj 1 —L1 nj—4;
[Vir.io0lly € Ced Cra-. . CrjiBYy ... B, +>  Can...Ca;BY .. By
=0
41 L
X CVJ . CV,jBV’l .. BV,j

= CGCRJ . CRJ‘B}T_%l R sz’] + CeCAJ ce CAJ‘CVJ R CV,j

S %

BA1> . <BA'> 7y e <BA1> iy —01—1
X ) B™M ... »J Bl ) BM—a
< By,) V! By, ) Vi v Byp) V!

Baa\ on Baj\ i, 1 I
) Bnl . 5J B J‘
) <Bv,1> i (Bv,j> v (1—1/2> ’

if Bar/Bvy <1/2, k=1,...,7 (implying By > 2B4y). We are done if we demand
that

Byi > Bry, C.Cri <Cvi/2, 2/C.CaiCyi(Bax/Bvi) < Cyi/2.
This can be realized if
Cvi > 2C.Cry, Bvg >max{Bgry,2Bak, 2" CeCapBay} -
We then assume

n nj41 _
HVTL17--~7nj+17~--,0HX < CVJ - CV,j—l—lB\/}l C BV,Jj—&-l’ vni,... N >0, VTLj.H < Mj+1,

1<j< M,
and seek

nj41
HV S CV71 .o Cv7j+1B‘7211 .o BV,JJ.+1, an, .o ,nj Z 0.

n1,---ﬁj+17---70HX

As before, this can be obtained through a chain of M inductions on nq,...,n;11 where
1 <j < M. For simplicity, we will show what happens in the arbitrary case nj;1. The
base case n,...,n; = 0:

HVO,...,ﬁjH,...,oHX < C'V,j+133fﬁl, V41 > 0,
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is established by Theorem 4.5.1 where ¢ = €41 and 0 = 0. Therefore, we assume

ni Mj41 _ _ _
HVm, N TER 7()HX < C\/l CV,j+1BV71 .. 'Bij-i-l’ Vni < ng,... y My < ny, V?”Lj_H >0,

1<j< M,
and seek
. 1 i1
Va0l <Cvi - Oy By .. Byl

In this scenario, 71 = (ny,...,nj41) and £ = (¢1,...,£j41), so we apply (7.3), (7.5) and
the mapping properties of Ay 1 to find

P X
Vsl x < Ce 4 [Raviianlly + 3 18:Velly
=0
Using the estimates on Ry, n;,, and Ay, 5y (for all ny,...,n;41) and Voi,mji

(n1 <Ny ey Mgl < ﬁj+1) we have
Vi <CLC Crjt1 B, ... BYH! Cap...Caj1 BRI
H AL yeess 150 ,OHX R1.--YRj+1PR1 - Rj+1 + Al Ag+1P A1

Mjt1—Lj+1 ) 131 i1
BA]+1 CVJ"'CV7J+1BV,1"'BVJ+1}

7 Mj41
= CeCR,l . CRvj‘HBRfl R BR]’jJrl + CeCAJ A CA,j+ICV,1 . C{/J_,_l

JUp—
n
% (BA»]-)Bnl <BA7j+1>Bﬁj+l (BA71>BTL1—£1—1..'
1 +1 1
Byi) % By ) VIt Byi1) "

=0
% By Bﬁj+1*€j+1*1
) Vij+1
Vij+1

< CeCRJ ... CRJ+1B‘T;L-’11 ... B‘T;,]j—&il + CECAJ ... CA,j+1CV,1 ... CVJ+1
% (BAJ) B,ﬁl o <BAJ+1> B’ﬁjﬂ,l ( 1 >]+1
BV,l Vil BV,j—l—l Vil 1-— 1/2 ’

if Bat/By:<1/2,t=1,...,j5+1 (implying By+ > 2B4). We are done if we demand
that

Byi > Bry, CeCprt < Cyvy/2, 2j+1CeCA7tCV,t(BA,t/BV,t) < Cyy/2.
This can be realized if

Cyy > 2C.Cgryt, By > max {BR,h 2BA, 2j+2CeCA,tBA,t} .
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To complete the general case for finite M > 0, we assume

anlw-,”MHX < CV71 ... vaMB‘Tle L. B‘T}%I/[, Yni,...,npy—1 >0, Yoy < na,
and seek
Vi, anllxy < Cviao . CvuBYY ... BN, Vna,...onyo1 > 0.
The base case ni,no,...,ny—1 = 0:
Vo,...an | x < CV,MB‘T_;%, Vi > 0,

has previously been established by Theorem 4.5.1 where & = )y and § = 0. Finally, we

assume
n n — _
anl’.“,n]wil’ﬁju HX < OV,l c. CV,MB\/}l c. BVfV]\Im Vg < Ngye. -1 < Rpr—1,
VT_lM > 07
and seek

Hvﬁl,nwﬁhfflvﬁM HX < CVJ T CV’MB‘?Il e B\T}Af/{/[

In this case, n = (ny,...,ny7) and ! = (l1,...,0nr), so we apply (7.3),(7.5) and the
mapping properties of Ay ! to find

S %

n
||Vﬁ17---7ﬁMHX < Ce HRﬁ17---7ﬁM||Y + Z HAﬁ—ZVZHy
=0

Using the estimates on Ry, and Ay, ), (forall ni,...,ny) and Vi, 5, (n1 <

n1,...,ny < fipr) we have

7 *
n n iy —{ fipr—4
[Vis.anlly < Ced Cra ... CruBRy .. . BES, +> Cax...CanBi " .. BYM ™
=0

14 14
X CVJ .. -CV,MBVl’l .. BV%M}

= 060371 . "CRvMB?il . Bzﬁ\/l + CeCAJ . ~-CA,MCV,1 . --CV,M

BA1> : <BAM> . "*<BA1> I
X ) Bt ... > BM B Bnl 1
(BV,I Vi By v V’Mz?—o By ) V!

Bam A —fa—1
X By,
By m ’
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< CeCR,l ...CR7MB‘T_/L;11 .. B@% +CeCA,1 --~CA,MCV,1 . -~CV,M

% BA’l BT_L1 BA,M BﬁM 1 M
Byy) V! Byy ) VM\1-1/2) 7

if Bai/By; <1/2,i=1,...,M (implying By,; > 2B4,;). We are done if we demand
that

By, > Bri, C.Cr;<Cvi/2, 2MC.Ca;Cyi(Bai/Byi) < Cyi/2.

This can be realized if
Cy,; > 2C.CR;i, DByv;>max{Bg;,2B4;, 2" C.Ca;Ba;}.

O]

Using a similar approach in conjunction with the analysis in Chapters 2 and 3, we
predict a more general form of Theorems 2.9.2 and 3.8.1 exists, which would establish
the analyticity of the transformed field with respect to any finite M > 0 perturbation

parameters.

Conjecture 7.4.2. Given any integer s > 0, if f € C*T2([0,d]) and Uy € H*T3/2(]0,d]),
Wi € H°t3/2(]0,d)) such that

Ul s3> < KuBp,  |Wallgevs» < Kw By,

for constants Ky, Kyw > 0 and M-multi—indexed constants By, By > 0, then up €
H*+2(]0,d] x [0,a]), wy € H**2([0,d] x [~b,0]) and

luallors < KB, lwallyose < KB,

for constants K, K > 0 and M-multi-indezed constants B, B > 0.

Analogously, a similar procedure would establish a more general form of Theorems
2.10.2 and 3.9.2 for the analyticity of the DNOs for any finite M > 0 perturbation

parameters.

Conjecture 7.4.3. Given any integer s > 0, if f € C*T2((0,d]) and Uz € H*T3/2(]0,d]),
Wi € H°t3/2(]0,d)) such that

Uil gossre < KuBp,  |Wall gessre < Kw By,

for constants Ky, Ky > 0 and M—-multi—indexed constants By, By > 0, then Gy €
H1/2([0,d)), Jz € HYY/2([0,d]) and

|Gall e < KB, | Jall gz < KB,
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for constants K, K > 0 and M-multi-indezed constants B, B > 0.

Upon proving these, one has two key ingredients to the more general version of
Theorem 4.6.1 which establishes the existence and uniqueness of solutions to a system

of partial differential equations with respect to M perturbation parameters.

Conjecture 7.4.4. Given an integer s > 0, if f € C572([0,d]) then the equation (7.1)
has a unique solution, (7.4), and there exist a constant C > 0 and M -multi-indexed
constants B > 0 such that

IVallx. < CB",

for all n > 0. This implies that for any M-multi-indexed constant 0 < p < 1, (7.4),
converges for all € such that BE < p, i.e., € < p/B.

Predictions: In application oriented fields such as signal processing or sea ice mod-
eling, practitioners work with multiple frequencies (127; 128; 129; 130) at short or long
wavelengths. Also, as depicted in Figure 35, the grating surface could have M different
layers (131) with distinct values of g;(z) = efj(x), j =1,..., M. A proof of Conjecture
7.4.4 would enable the freedom to enforce any number of perturbation parameters and
obtain an analytic solution. Given the widespread availability of parallel computing
resources coupled with additional perturbation parameters associated with elastic me-
dia, we believe that future research will force hundreds or even thousands of distinct

perturbation parameters, all of which should yield an analytic solution.
7.5 Parallel Programming

In the case of multiple layered interfaces, we need to compute intermediate DNOs for
up to M layers. This will greatly increase the computational cost and execution time
of our HOPS/AWE algorithm and we suspect that it will be necessary to introduce
parallel programming techniques to offset the computational expense. In the context of
the Operator Expansion (OE) method, preliminary work (132) has been completed in
C++ to parallelize the computation of Navier’s equations (83; 133). These techniques
can be adapted to the TFE method through the choice of OpenMP (134), MPI (135),
or CUDA (136).

Predictions: In two or three dimensions, our HOPS code is robust, efficient and has a
runtime less than an hour. A local machine with an Intel Core i5 CPU, 8GB of RAM,
and Windows 10 OS completed almost every simulation in this thesis in less than thirty
minutes. However, with ten to one hundred layer configurations, we suspect that many
simulations will take on the order of weeks or even months. As a result, it will be nec-
essary to parallelize our Matlab code in a compiled programming language such as C or
C++.
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7.6 Alternatives to DNOs

In Chapter 4 we wrote our scattering problem as a linear system
AV =R,

where, upon expanding {A,V,R} in both ¢ and J, we arrived at the flat—interface

solution AgoVoo = Roo at order 0(€°,6°). We then saw it was necessary to invert

which features the two DNOs, G and Jy o, in order to show the existence and unique-
ness of solutions. A primary feature of all HOPS schemes is the inversion of a single,
sparse operator Ag o through the use of DNOs. However, one may ponder if a different
technique could produce a more competitive algorithm that is comparable to our HOP-
S/AWE algorithm (or even better). Is it absolutely necessary to pass in transformed
field data in order to efficiently compute and recover internal information stored at the

grating surface?

Predictions: A primary advantage of our HOPS/AWE scheme is that for every per-
turbation order, it is only necessary to invert a single sparse operator corresponding to a
flat—interface, order—zero approximation. There are a number of competing approaches
in general perturbation theory within the context of layered media problems. In regards
to electromagnetic wave scattering, Galerkin and boundary element methods are dis-
cussed in (137; 138; 139; 140; 141) and a high-order perturbation approach based on
boundary integral equations in (142). High—order schemes for linear waves can be com-
puted using level set methods (143) and fast marching methods, as well as other methods
involving domain decomposition (144; 145; 146; 147; 148; 149). A holistic evaluation of
these competing methods could potentially improve our HOPS/AWE algorithm if we

found a faster method of inverting linear operators without the use of DNOs.
7.7 Computational Complexity

One of the fundamental reasons for developing our HOPS/AWE algorithm is its advan-
tageous computational complexity for problems within its domain of applicability. In
comparison with other classical methods, our HOPS/AWE approach has several advan-
tages for computing quantities such as the Reflectivity Map, R = R(g,0). To demon-
strate this we begin by fixing the problem of computing R for N many values of € and
N5 many values of §.

In the case of computing the DNOs G and J, we recall from §2.11 and §3.10 that
our HOPS/AWE algorithm requires N, x N, unknowns at every perturbation order,
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(n,m), corresponding to the N, equally—spaced gridpoints in the lateral direction and
the N, + 1 collocation points in the vertical dimension. In §4.5 we saw that we could

write our scattering problem as A(g,0)V(g,0) = R(g,0) where
A(e,0) = Z Z A, g™, Rle,0) = Z Z R, o™,
n=0m=0 n=0m=0

and

V(e 0) = Z Z Vi me™o™.

n=0m=0
At order O(e", 6™) this becomes
n—1 m—1
AO,OVn,m = Rn,m - Z An—Z,OVZ,m - Z AO,mfrVn,r

=0 r=0

n—1m-—1 (76)

- Z Z Anfé,mfrvf,vﬂ
(=0 r=0

A careful study of (7.6) reveals that the computational complexity of forming the right—

hand side at order (n,m) is
O (nmN, log(Ny) N log(N)) .

Inverting the operator Ao has complexity O (N, log(N;)N;log(N)) so the full cost of
computing the Vy, p,, {0 <n < N,0 <m < M}, is

O (N*M?N, log(N,)N. log(N.)) .

Once these coefficients are recovered, the cost of summing the series in (g, ) is minimal,
provided it is done in an efficient manner (e.g., by Horner’s rule (150; 151)). Our
algorithm then requires an additional O (IN.Nj) steps to sum over every value of (g, d),
therefore the full cost of computing the Reflectivity Map by our HOPS/AWE method
is

O (N?*M*N, log(N,)N. log(N.) + N:Nj) . (7.7)

In contrast, for a single (e, d) pair, a Boundary Integral Method solver with N, lateral
gridpoints requires time proportional to O (N;?’) for Gaussian elimination to solve the
resulting dense system of N, equations in N, unknowns (150; 151; 56). Applying this

N. x Ng times results in a total computational complexity of
O (N2N.Ns) . (7.8)

Thus, once N, and Ny become large, e.g.,
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N2M?N, log(N,)N, log(N,)

N:Ns > N;Z? ,

our new algorithm becomes far more efficient. We speculate that the cost of (7.7) could
be reduced to
O (NM log(NM )Ny log(Ny)N, log(N,) + N:Ns), (7.9)

provided that we develop a more efficient method of computing the V,,,,, {0 < n <
N,0 < m < M}, such as reducing the problem space at every step. Alternative ap-
proaches to layered media problems have also been proposed by other authors (152; 153),

including interpolation (154) and Green’s function (155).

Predictions: The combination of implementing parallel programming techniques (through,
e.g., OpenMP or CUDA) and reducing the problem space at every step will greatly en-
hance the speed and fidelity of our HOPS/AWE algorithm. Considering the natural
advantage surface methods have over conventional methods, such as finite difference, fi-
nite element, and spectral element methods, we expect that our HOPS/AWE algorithm

will be among the most competitive available for periodic layered media problems.
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Appendix A

MATLAB CODE

We present a subset of the Matlab code used to simulate our numerical results. Three
essential algorithms used to define the upper and lower fields are the computation of the
flat-interface solution of Ag, the upper and lower layer DNOs, Gy, = Grnom(2;€,9)
and Jy, ;m = Jnm(z;€,0), and the upper and lower transformed field solvers, u, ., =
Un,m (2, 2;€,0) and Wy m = Wpm(x,2;¢€,6). In Algorithm A.0.1 we show our technique

for inverting the flat-interface solution of Agg (cf. §4.8).

Algorithm A.0.1 Inversion of the flat-interface operator Ag

1: Set Nx: The number of discretization points

2: Set i7,: The Fourier multiplier for Go o

w

Set i7,’: The Fourier multiplier for Joo

Set v7 = (1 +6)7%,q € {u, w}, where 0 represents a small frequency perturbation

o

Set 7: Constant representing TE or TM polarization mode
6: o0 € RN+, 9 € RN

7. Cop € CNe, ahy € CNe

8: for j =1: Nz do — Entries of {Ko’o(p)} o

9: det, = — {ilg(j) + 72 (zﬁj"(g))}

0: a() = |7 (<i720)) Gooli) + doo ()| / dety

o b0) = [(1120)) Gooli) + doo()| / dety

12: end for

13: Uy = IFFT(a), Wy = IFFT(b)

14: return Up o, Wy

Next, Algorithm A.0.2 demonstrates how we calculate the upper layer DNO, G (cf.
§2.10 and §2.11).

Algorithm A.0.2 Computation of the upper layer DNO, G

1: Set Nza: The number of discretization points

2: Set Nz: The number of collocation points

Set N: The maximum number of Taylor orders for the interfacial perturbation

Set M: The maximum number of Taylor orders for the frequency perturbation

o

Set dx: The partial derivative with respect to the x component
6: Set dz: The partial derivative with respect to the z component

7: Set a: The artificial boundary imposed at the top of the upper layer

144
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8: Set p = (27/d)p for an integer p where d is the periodicity of the grating interface

9: Set f =sin(x), or a similar test function representing the grating surface
10: Set fy : The derivative of f with respect to the x component

11: Set fpottom = Nz + 1, the bottom or last collocation point on the z—axis
12 Upm € (CN?;X(NZJFI)X(M“'I)X(N“FI)’ Gn,m c CNmX(M—l-l)X(N—O—l)

13: uy € CNax(N=t+1) gy e CNax(N=t1)

14: forn=1: N do

15: for m =1: M do — Order (n,m) terms in equation (2.52) in §2.10

16: Uy = dz(Unm(:,:,m,n), a)

17: Gnm(:,m,n) = —u;(:, Lhottom)

18: if n > 1 then — Order (n — 1,m) terms in equation (2.53) in §2.10
19: Uy = dz(Unm(:,;,m,n —1),p)

20: Gom(s,m,n) = Gy m(:,m,n) + fzuzg(c, Chottom)

21: Gom(s,m,n) = Gy m(,m,n) + (1/a) - (f - Gom(:,m,n — 1))

22: end if

23: if n > 2 then — Order (n — 2,m) terms in equation (2.53) in §2.10
24: Uy = dz(Upm(:,5,m,n —2),p)

25: Gnm(:,m,n) = Gpm(:,m,n) — (1/a) - (f fo - vz, Chottom))

26: uy = dz(Unm (s, :;,m,n —2),a)

27: Grm(s,m,n) = Gum(m,n) — (£2 - w2 (5, Lhottom))

28: end if

29: end for

30: end for

31: return Gy,

Lastly, Algorithm A.0.3 summarizes how we compute the upper transformed field, u

(cf. §2.4, §2.6, and §2.11). Due to its complexity and length, we leave out some details

to the Matlab implementation in Listing A.1.

Algorithm A.0.3 Computation of the upper transformed field, u

1:

11:
12:
13:
14:

Set Nx: The number of discretization points

Set Nz: The number of collocation points

Set N: The maximum number of Taylor orders for the interfacial perturbation
Set M: The maximum number of Taylor orders for the frequency perturbation
Set dx: The partial derivative with respect to the x component

Set dz: The partial derivative with respect to the z component

Set a: The artificial boundary imposed at the top of the upper layer

Set p = (27/d)p for an integer p where d is the periodicity of the grating interface

Set f = cos(x), or a similar test function representing the grating surface

: Set f, : The derivative of f with respect to the x component

Set liop = 0+ 1, the top or first collocation point on the z—axis
Set T : Expansion of frequency operator, cf. §5.4
Set g(x) = ef(x), where ¢ represents a small interfacial perturbation

Set v = (1+6)7", a = (14 J)a, where 4 is a small frequency perturbation
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15: Set 2/ = a(z — g(x))/(a — g(z)), per transformation rules in §2.4. Relabel z = 2/
16: Epm € RNIX(M+1)><(N+1)’ En,m € CNaex(M+1)x(N+1)

17: Up € RNoXWN=AD) [ e CNoX(NoAD)

18 Fn,m c RNIX(NZ-H)’ ﬁmm € CNax(Nz+1)

19: Uy € CNZX(NZ+1)><(M+1)><(N+1)’ Jn,m c RNI’ jnm c CN=

20: Compute AT, AT? A%T A3* AZT ATz Az A= BT B? B2 B, Sy, S, and

21: Sy through equations (2.16) in §2.4

22: forn=1: N do

23: for m=1: M do

24: if n > 1 then — Order (n — 1, m) terms in equation (2.28) in §2.6
25: Uy = dz(Unm(:,;,m,n —1),p)

26: Fom = Fom — de(AT" - ug, p)

27: Fom = —dz(A7" - ug, a)

28: nm:BW—By%

29: Uy = dz(Unm(:,:,m,n —1),a)

30: Fom = Fom — de(AY? - us, D)

31: Fom = Fom — (2ia) - S1 - ug

32: Fom = Fom — (1“)2 ST Unm (555, mym — 1)

33: end if

34: if m > 1 then — Order (n,m — 1) terms in equation (2.28) in §2.6
35: Up = dz(Unm(:,;,m —1,n),p)

36: Fom = Fom — (2ia) - uy

37 Fom = Fum — (2(0")?) - tpm(:,5,m — 1,n)

38: end if

39: if n > 1 and m > 1 then — Order (n — 1,m — 1) terms in equation (2.28)
40: Uy = dz(Unm(:,;,m —1,n —1),p)

41: Fom = Fom — (2ia) - S1 - ug

42: Fom = Fom — (2(1“)2) St Uupm(sm—1,n—1)

43: end if

44: if n > 2 then — Order (n — 2, m) terms in equation (2.28) in §2.6
45: Uy = dz(Unm(:,5,m,n —2),p)

46: Fom = Fom — de(A5" - ug, p)

47: Fom = Fpm — dz(A5" - ug, a)

18 From = Fom — BE g

49: Uy = dz(Unm(:,:;,m,n —2),a)

50: Fom = — dz(A5 - u, D)

51: Fom = Fom —dz(A5" - uz,a)

52: Fom = Fom— B -u, — (2ia) - S - uy

53: Fom=Fum— (1“)2 =S - Upm (5, 5,m,n — 2)

54: end if
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55: if m > 2 then — Order (n,m — 2) terms in equation (2.28) in §2.6

56: Fom = Fnm — (1“)2 “Upm (3,5, m —2,n)

57: end if

58: if n > 1 and m > 2 then — Order (n — 1, m — 2) terms in equation (2.28)
59: Fom =Fom — (1“)2 St Uupm(s,m—2,n—1)

60: end if

61: if n > 2 and m > 1 then — Order (n — 2, m — 1) terms in equation (2.28)
62: Uy = dz(Unm(:,;,m —1,n —2),p)

63: Fom = Fom — (2ia) - S2 - ug

64: Fom = Fum — (2(4")?) - S2 - tnm(;,1,m — 1,n — 2)

65: end if

66: if n > 2 and m > 2 then — Order (n — 2, m — 2) terms in equation (2.28)
67: Fom = Fnm — (1“)2'Sg-unym(:,:,m—2,n—2)

68: end if

69: for r =0:m — 1 do — Transparent boundary condition, (2.29) in §2.6

70: Inm = Inm + IFET((T"(:,m — 1)) - FFT (upm (2, brop, T, 1))

71: end for

72: if n > 1 then

73: for r = 0: m do — Transparent boundary condition, (2.29) in §2.6

74: Spm = IFFT(T"(:,m — 7)) - FFT (wpn,m (2, brop, 7,1 — 1)))

75: Inm = Inm — (1.0/a) - f - Spm

76: end for

e end if

78: Fom = FFT(Fpm), Jnm = FET(Jpm)

79: fjn,m = Chebyshev collocation method of parameters in (2.63) of §2.11

80: if n >0 or m > 0 then

81: Un (2,5, m,n) = IFFT(Uyy )

82: end if

83: end for

84: end for

85: return un g,

We now turn to example Matlab implementations. Our first script is the code for the

upper transformed field, u = u(z, y; €, d) (cf. Algorithm A.0.3). A computational novelty

of our HOPS/AWE algorithm is the speed at which we can compute the flat-interface

solution in Fourier space by inverting a sparse operator at every wavenumber. To do

this, we apply the Fast Fourier Transform (FFT) and Inverse Fast Fourier Transform

(IFFT) in Matlab. Because Matlab array indices start from 1 (linear indexing), we will

add “+1” in all of the loop variables executed in our Matlab scripts.
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Listing A.1: Upper Field Solver for the TFE Method

function [unm] = field_tfe_helmholtz_m_and_n(xi.n.m,f,p,gammap, alpha ,...

gamma, Dz, a ,Nx,Nz , N M, identy)

unm = zeros (Nx,Nz+1M+1,N+1);

k2 = p(04+1)°2 + gammap(0+1) " 2;

ell_top =0 + 1;

xi_n_m_hat = O*xi_n_m;
for n=0:N
for m=0:M
xi_n_m_hat (: ,m+1,n4+1) = fft (xi_n_m (: ,m+1,n+1));
end
end

fox = real (ifft ((lixp).xfft(£f)));

11 = [0:Nz]’;

z-min = 0; z_max = a;

D = (2/(z-max—z_min) )*Dz;
D2 = DxD;

D_start = D(1,:);

D_end = D(end,:) ;

tilde.z = cos(pix*ll/Nz);

z = ((z-max—z_min) /2.0) *(tilde.z — 1.0) + z_max;

f_full = repmat(f,1,Nz+1);

f_x_full = repmat(f_x,1,Nz+1);
a_minus_z_full = repmat(a — z.’ ,Nx,1);
Uhat = zeros (Nx,Nz+1);

Tu = Tu.dno(alpha ,p,gamma,gammap, k2 ,Nx,M) ;
% n=0 and m=0

for ell=0:Nz

unm(:,ell+1,0+1,0+1) = ifft (exp(lixgammap*z(ell+1)).*xxi_n_m_hat(:,0+1,0+1));

end

Alxx = —(2.0/a)*f_full;

Al xz = —(1.0/a)*(a-minus_z_full).xf_x_full;
Al_zx = Al _xz;

%NAl_zz = 0;

A2.xx = (1.0/a"2)xf_full ."2;

A2 _xz (1.0/a"2)«(a_minus_z_full) .« ( f_full .« f_x_full);
A2 zx = A2 xz;

A2.zz = (1.0/a"2)*((a-minus_z_full)."2) . «(f_x_full."2);

Blx = (1.0/a)*f_x_full;
CVUBI,Z = 0;

B2.x = —(1.0/a"2)*f_full .xf_x_full;
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B2z = —(1.0/a"2).x(a-minus_z_full) .x( f_x_full."2);
S1 = —(2.0/a)*f_full;
S2 = (1.0/a"2)+f_full ."2;
for n=0:N
for m=0:M

% Form Fnm, Jnm
Fnm = zeros (Nx,Nz+1);

Jnm = zeros(Nx,1);

if (n>=1)
ux = dx(unm(:,: ,m+1,n—1+41),p);
temp = Al _xx.*u_x;
Fnm = Fnm — dx(temp,p);
temp = Al_zx.*xu_x;
Fnm = Fnm — dz(temp,Dz,a);
temp = Bl_x.xu_x;

Fnm = Fnm — temp;

u_z = dz(unm(:,: ,m+1,n—1+41) ,Dz,a);
temp = Al_xz.xu_z;

Fnm = Fnm — dx(temp,p);

%A1_zz = 0

%Bl_.z = 0

temp = 2xlixalpha.*S1.xu_x;

Fnm = Fnm — temp;

temp = gamma”2.%S1.*%unm(:,: ,m+1,n—14+1);
Fnm = Fnm — temp;
end

if (m>=1)
u-x = dx(unm(:,: ,m—1+1,n+1),p);
temp = 2xlixalpha.xu_-x;
Fnm = Fnom — temp;
temp = 2xgamma” 2.xunm (:,: ,m—1+1,n+1);
Fnm = Fnm — temp;

end

if (n>=1 && m>=1)
u-x = dx(unm(:,: ,m—1+1,n—141),p);
temp = 2xlixalpha.*xS1.xu_x;
Fnm = Fnm — temp;

temp = 2xgamma”2.%S1.%unm(:,: ,m—1+1,n—1+1);

Fnm = Fnm — temp;
end
if (n>=2)
u-x = dx(unm(:,: ,m+1,n—2+41),p);
temp = A2_xx.*u_x;

Fnm = Fnm — dx(temp,p);
temp = A2_zx.%xu_x;

Fnm = Fnm — dz(temp,Dz,a);




109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129

131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152

154
155
156
157
158
159
160
161
162
163

150 Appendix A Matlab Code
temp = B2_x.%xu.x;
Fnm = Fnm — temp;
u-z = dz(unm(:,: ,m+1,n—2+1) ,Dz,a);
temp = A2_xz.xu_z;
Fnm = Fnm — dx(temp,p);
temp = A2 zz.xu_z;
Fnm = Fnm — dz(temp,Dz,a);
temp = B2_.z.xu_z;
Fnm = Fnm — temp;
temp = 2xlixalpha.*xS2.xu_x;
Fnm = Fnm — temp;
temp = gamma”2.%S2.«unm(: ,: ,m+1,n—2+41);
Fnm = Fnm — temp;
end
if (m>=2)
temp = gamma  2.xunm (:,: ,m—2+1,n+1);
Fnm = Fnm — temp;
end

if (n>=1 && m>=2)
temp = gamma”2.%S1.%unm(:,: ,m-2+1,n—14+1);
Fnm = Fnm — temp;

end

if (n>=2 && m>=1)
ux = dx(unm(:,: ,m—1+1,n—2+1),p);
temp = 2xlixalpha.*S2.xu_x;
Fnm = Fnm — temp;
temp = 2xgamma”2.%S2.xunm (:,: ,m—1+1,n—2+1);
Fnm = Fnm — temp;

end

if (n>=2 && m>=2)
temp = gamma” 2.%S2.*xunm (: ,: ,m—2+1,n—2+1);
Fnm = Fnm — temp;

end

for r=0m-1
Jom = Jnm + ifft ((Tu(: ,m-r+1)).% fft (unm(:,ell_top ,r+1,n+1)));
end
if (n>=1)
for r=0m
Snm = ifft ((Tu(:,m-r+1)).%fft (unm(:,ell_top ,r+1,n—14+1)) );
Jom = Jnm — (1.0/a)*f.%Snm;
end

end

% Solve elliptic equation

Fnmhat = fft (Fnm) ;
Jnmhat fft (Jnm) ;
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b = Fnmhat. ’;
alphaalpha = 1.0;
betabeta = 0.0;

gammagamma = gammakgamma — p. 2 — 2xalpha.xp;

d_min = 1.0;

n_min = 0.0;

rmin = xi_n_m_hat (: ,m+1,n+1);

d_max = —1i*gammap;

n.max = 1.0;

r_max = Jnmhat;

% Solve BVP through the Chebyshev collocation method

Uhat = solvebvp_colloc (Uhat,b,alphaalpha ,betabeta ,gammagamma, . . .

d_min ,n_min,r_min ,d_max,n_max,r.max ,Nx, identy ,D,D2, D _start ,D_end) ;

if ((n>0) [ (m>0))
unm (: ,: ,m+1,n+1)=ifft (Uhat) ;

end

end

end

return;

Our next script shows how we use the boundary data from the upper field solver to
calculate the transformed field in Fourier space. We recover field data by inverting this

operation for every perturbation order of € and 4.

Listing A.2: BVP Solver for the Chebyshev Collocation Method

function [Uhat] = solvebvp_colloc(Uhat,b,alpha,beta,gamma,d_min,n_min,...

r-min ,d-max,n_max,r-max ,Nx,identy ,D,D2, D_start ,D_end)

A = alphaxD2 + betaxD + reshape(gamma,1l,1 ,Nx).xidenty;

A(end,: ,:) = repmat(n-min*D_end,[1,1 ,Nx]);
b(end,:) = r_min;
A(1,:,:) = repmat(n-max*xD_start ,[1,1,Nx]);

A(end,end,:) = A(end,end,:) + d-min;
A(1,1,:) =A(1,1,:) + reshape(d-max,1,1,Nx);

b(1l,:) = r_max;

for j=1:Nx
utilde = linsolve (A(:,:,j),b(:,j)); % A\b
Uhat(j,:) = utilde.’;

end

return;

Linsolve (or, equivalently, the backslash operator) is the most computationally expensive
part of our algorithm. We can increase the computational speed through making the

following changes in the Parallel Computing Toolbox in Matlab. Further improvements
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could be made by switching to a compiled programming language such as C++, Fortran,

or Julia.

Listing A.3: Parallel Version of the BVP Solver for the Chebyshev Collocation Method

% Execute for—loop iterations in parallel on workers
parfor j=1:Nx
utilde = linsolve (A(:,:,j),b(:,j)); % A\b
Uhat(j,:) = utilde.’;

end

% Remove the for loop by mldivide with GPU arrays

Uhat = permute( pagefun(@mldivide ,A,reshape(b,[],1,Nx)),[2,1,3]);

We note that these changes are only necessary for large simulations (such as N = M = 15
or more Taylor orders and a granularity of Ns = N; = 1000 per invocation, cf. §6.3
and §6.5). The additional overhead and partitioning for parallel workers or the GPU is
unwarranted for smaller simulations which can often be computed in a few minutes or
less. Our next script shows how we calculate the upper layer DNO through our TFE
methodology (cf. Algorithm A.0.2).

Listing A.4: Upper Layer DNO for the TFE Method

function [Gnm] = dno-tfe_helmholtz_m_and_n (unm,f,p,Dz,a,Nx,Nz,N,M)
Gnm = zeros (Nx,M+1,N+1);

ell_bottom = Nz 4+ 1;
fox = ifft ((1ixp).x£ft (f));

for n=0:N
for m=0:M
u_z = dz(unm(:,: ,m+1,n+1),Dz,a);
Gmm(: ,m+1,n+1) = —u_z (:,ell_-bottom);
if (n>=1)

u-x = dx(unm(:,: ,m+1,n—141),p);
Gnm(: ,m+1,n+1) = Gom(: ,m+1,n+1) + f_x.xu_x(:,ell_bottom);

Gnm (: ,m+1,n+1) = Gnm(: ,m+1,n+1) + (1.0/a)*(f.*Gom(: ,m+1,n—1+1));
end
if (n>=2)
u-x = dx(unm(:,: ,m+1,n—2+41),p);
Gnm(: ,m+1,n+1) = Gnm(: ,m+1,n+1) — (1.0/a)*(f.*x(f_x.*xu_x(:,ell_bottom)));

u_z = dz(unm(:,: ,m+1,n—2+41) ,Dz,a);
Gmm(: ,m+1,n+1) = Gnm(: ,m+1,n+1) — f_x.*x(f_x.*xu_z(:,ell_-bottom));
end
end

end

return ;

We then demonstrate how to invert Ag by Fourier inversion (cf. Algorithm A.0.1)

where we multiply the numerator and denominator by 4.
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Listing A.5: Inversion of Flat-Interface A

function [U,W] = Alnverse(Q,R,gammap,gammapw,Nx, tau2)
% Q = Zeta_{0,0}, R = Psi_{0,0}
a = zeros (Nx,1);
b = zeros(Nx,1);
Q-hat = £t (Q);
R-hat = fft (R);
for j=1:Nx
det_p = tau2xgammapw(j) + gammap(]j);
a(j) = ((tau2sgammapw(j))*Qhat(j) + 1ixR hat(j))/det p;
b(j) = ((—gammap(j))*Q-hat(j) + 1i*R_hat(j))/det p;
end
U= ifft(a);
W= ifft (b);
return;

Finally, in Figures 36 and 37, we show how Spectral methods are implemented in Matlab.
Recalling our strategy in §2.11, we enforce a Fourier spectral method in the xz—axis with
N, equally—spaced gridpoints and a Chebyshev spectral method in the z—axis with N,+1
collocation points where, for brevity, we demonstrate our methods with N, = N, = 8.

Physical Space (N, =8, N, = 8)

N, +1 =9 collocation points

Periodic in & (with N, = 8 gridpoints)
Figure 36: In Physical Space, we consider N, discretization points on the z—axis

and N, + 1 collocation points on the z—axis.
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Fourier Space (N, = 8)

1t°p: PR I T SR T TR ' 1 1 1 :
3 ] :
= . -
"d - L
=i ] r
@ y o
5 ] :
<5 ] [
- ] "
5] ] C
o ] 3
O - L
= ] i
CG B L
E ] 3
g ] ;
= 7 o

Tocttom Tt

-N_/2 -N/2+1 -N_/2+2 -1 0 1 N /2-2 N_/2-1
X X X X X

Wavenumbers are stored from —N,/2,...,0,...,N,/2—1

Figure 37: 1In Fourier Space, wavenumbers are stored in the order —N,/2,
.50,..., N, /2 — 1 and 440, and Lpotton are evaluated at the upper boundary z = a

and the surface z = 0 (cf. Algorithm A.0.2 and A.0.3).

More generally, we consider the Fourier transform on the N,—point grid with a period

of d. For N, discretization points and a step size of (d/N,), we have

d 2d N, —2)d (N, —1)d
Physical Space: x € {0, ( )d ( ) }

Nz’ Nz’ 7’ N, N
N, N, N, N,
Fouri : {——?——f L”w—f—zgi—l}
ourier Space: p € 5 5 + 5 5

where the Discrete Fourier Transform (DFT) is computed through several applications

of the Fast Fourier Transform (FFT).



Appendix B

PROOF OF ALGEBRA PROPERTY, ELLIPTIC ESTIMATE, AND
TRANSLATION PROPERTY

As discussed in §2.7, we present the proof of the three major tools used to show joint
analyticity of the upper field in the appropriate Sobolev space. Our first property is
the “Algebra Property” for estimating products of functions, the second property is
a rigorous statement of the “Elliptic Estimate,” and our final property shows how to
bound translated elements in our function spaces. The same techniques will work for

the lower field in §3.6 where the interval [0, a] is translated to [—b, 0].

Lemma B.0.1 (Algebra Property). Given an integer s > 0 and any o > 0, there exists
a constant M = M(s) such that if f € C*(]0,d]),u € H*(]0,d] x [0,a]) then

[fullzrs < M flesllullas, (B.1)

and if f € C5TY/2+9((0,d]), @ € H**Y2([0,d]) then there exists a constant M = M(s)
such that
1Faill i < MIFlgsrirzso ll gosa- (B.2)

Proof. [Lemma B.0.1] Let s € Ng := NU {0}, f € C*([0,d]), and u € H*([0,d] x [0, a]).
We will first verify (B.1). For this, the definition of our Sobolev norms and Leibniz’s
formula delivers

Ifully = Y ﬁ 1

2
s—f al—m
o o ()|

oy (e T

L2

As f € C*(]0,d]) only depends on the z—component, the expression inside the norm is

zero unless s — £ = p and we deduce

() () o) o] = 32 (17, ot oo forom]

q=

s—0 0—

3

Il
=)

p=0g¢
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Therefore
s l l—m /—m 2
| ful|%s = Z Z( ) [aﬁ m— qf} [as 9y ]
{=0 m=0 || ¢=0 .2
s L f—m /—m 2
233 ( ) orm-ag|orton
{=0 m=0 ¢g=0 q L
s L l—m /—m ) )
< () 112l (B.3)
{=0 m=0 ¢=0 q

By the binomial theorem we may observe

{—m

S ()=
q=0 4

Inserting the above expression into (B.3) and repeatedly applying the definition of the

geometric series gives

s y4
f— 2 2
Fuls <30 25 F1Es ull e

£=0 m=0
s l
V4 — 2 2
= 22 Z 27" fles lullgs
Z
= 22 Y fEs lulls

¢ 2 2
< ZQ A1 ulls

£=0
2 2
= (27 = 2) flce Il

and the inequality (B.1) follows by taking the square root.
Next, we follow (114) to verify (B.2). Suppose s = p for 0 < p < 1 and 2 C R™.

Then a norm in H”(Q2) that is equivalent to the usual Sobolev space norm is defined as

il = Nl + [ [ 12 ,ew_ewwd v d-. (B.4)

The above definition is a fractional order Sobolev space known as the Sobolev—Slobodeckij

space. To establish (B.2) we start with the case s = 0 and evaluate (B.4) with p =1/2
f(2)i PO ()2
7o = z)u(z) — f(z)u(z
Il = 1alza + [ [ O LR g,
aJo " — e'?]

~ 2
Slf!LooHNHLzH/ M| (z)|? dz dz (B.5)

|e7,x _ ezz‘n—i—l

z!u a(z)[?
+2/ / |f | eza:_ezz‘n—f—l dz dZ,
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where it is clear that the first and third terms in (B.5) can be grouped together and
bounded

a(z) — a(2) .
Fettes2 [ [ 1FEPER I dods < Ol il

To bound the second term in (B.5) we observe

F@) = FOR o
2/Q . ji(2)[2 dz d

Q ‘BZI _ 67,z|n-‘,-1

T — z|1+20 B.6
<2|f|01/2+a/ / ’ew—e““”"'l‘ a(z )\dedz (B.6)
< C‘f|cl/2+aHUHL27
so that (B.5) and (B.6) establish the inequality (B.2) in the case s =0
| fll gz < M(3)|Florszre |l grave-
In general, for s > 0 we have
[@ll3es1 = @l e + 105052, (B.7)

and from (B.1)
1 fallms < M(s)|fles llall s (B.8)

For s > 0, the regularity of f € C5t1/2+7(Q) and the estimates (B.5) and (B.6) imply
102 (FD) /2 < M()|Flgwerjoro [l oo (B.9)
Finally, the equation (B.7) and estimates (B.8) and (B.9) deliver
1 allosae = I1fallEs + 103(F@)3 /2 < M) F1Zmsr2ro 1 Frossos

which is the required estimate for s > 0. O

Theorem B.0.2 (Elliptic Estimate). Given an integer s > 0, if F' € H*([0,d]) x
[0,a]), C* € H*3/2([0,d]), P € H*t'/2([0,d]), then there exists a unique solution u €
H#2((0,d]) x [0, a]) of

Au(z, 2) + 2iadu(z, z) + (") ?u(z, 2) = F(z, 2) 0<z<a (B.10a)
u(z,0) = ¢“(z,0), at z=10 (B.10b)

u(z +d, z) = u(z, 2), (B.10c¢)

du(z,a) — Tg' [u(z, a)] = P(x), at z = a, (B.10d)
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satisfying
lullgrsv2 < CelllFllms + 1€ | grovssa + [Pl gosrsz s (B.11)

for some constant Ce = Ce(s) > 0.

Proof. [Lemma B.0.2] Following (156), we let (% = [—d,u].—o where we define the DNO
G:(C" P F) = (" G P F =GO+ GOP + GRAF].

With these, we will obtain the estimates

HG(O) [Cu] HS+1/2 S CG<O) ‘|CUHH9+3/2 ) (B.].Qa)
le@P), ..., < Cow I1Pllgerssa. (B.12b)
HG([O’“D[F]HHSH/2 < Cgoan [|F] s - (B.12c)
As in §2.11, we posit the expansions
{u,F}(a,2) = Y i, B}, {¢"PYx)= D {G. Bple™,
p=—00 oo

into (B.10) which delivers the two—point boundary value problem

azﬂp(z) + ((1;;)2 —p - 2@) Up(z) = Fp(2)7 0<z<a,
ip(0) = ¢, at z =0,
9z [ip(a)] — (ilg)[@p(a)] = pp; at z = a,
where
() = (") —af,  ap < (k")?
u __ 2 w\2 u\/ u\!" u\/ AV
lp - 07 Qp — (f ) 5 (’Yp) ’(lp) € R’ (’Yp) 7(7p) >0
(AW — 4 U 2 u\2
i) = iy Jad— B a2 > ()2

The primed notation denotes ’ as the real part and ” as the imaginary part. Observing

(0,)" =" = 20p =a” + (1,)" = (a+p)* = (") — a5 = (3,))",

delivers



Appendix B Algebra Property and Elliptic Estimate
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We now consider a function ®¢(z;p) satisfying

02@o(25p) + (1)*@o(2:p) =0,

so that the solution of

O2ap(2) + (13)*tp(2) = 0,

9: [tp(a)] = (in}))[ip(a)] = 0,

is
dp(z) = (I Po(2;p).

Similarly, we consider a function ®,(z;p) satisfying

02%a(25p) + (13)*@a(25p) =0,

02y (=) + ()i () = 0,
ap(O) = 07
0: [up(a)] = (iv)lip(a)] = Py,
ip(z) = qu)a(zm)-

0<z<a,
at z =0,
at z = a.
0<z<a,
at z =0,
at z = a,
0<z<a,
at z =0,
at z = a,
0<z<a,
at z =0,
at z = a,
0<z<a,
at z =0,
at z = a,

With these, the unique solution of the two—point boundary value problem is given by

ip(2) = (o (2;p) + Bpe L @ (2 p) — Lo[Fp)(2) — L) (2), (B.13)
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where one can readily verify that

ei(lZ),27 7]21 < (Eu)27
Bo(zip) = D7 = {1, ap = (k")
B ol (),
and ( )
sin( (v%)’z u
(7“13, 9 QIQ) < (E )27
sinh(y"2) -
q)a(zap = o =3\% QQ = (ku)27
lp sinh((y“)”z)
CRK 5 QIQ; > (Eu)Qa
and
WiE)E) = [ Bl pRa(sin) ) ds
LIENE) = [ @u(sp)@a(in) By () ds

By the Leibniz integral rule

0.LlF)(2) = (sp)Bu(z D Fy () + [ T (0:@0(z:p)) Ba(s: p) Ey(s) ds,

O.L[E,)(2) = —@o(z: p)®a(z: p) Fyl2) + / " Do(s;p) (0:Bu(z:p)) Fyls) ds.

Adding the two expressions above and substituting the result into (B.13) gives
Oy (2) = (0:-Bo(2: p) + Poe ™" 0.0, (2:p) — [ Fy)(2) — Ll Fy)(2),

where

Tolfy)(2) = /0 T (0.B0(2: 1) Bals; p) Ey(s) ds,

LB = [ @0(sip) 0.0a(z50) Fy(s) s,
Evaluating (B.14) at z = 0 and multiplying by negative one yields

—0,1,(0) = —@?62@0(0;]9) — ppeilzaaz(ba(o;p) + I [Fp](o) + 14[F](0)

AU a AU A
= =G~ B+ [R5 s

From this, we deduce

o0 oo

= 3 [0:20(0:p)] G = 3 (—in)Ee,

p=—00 p=—00

GWIe] =

(B.14)
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and
G(a) [P] — — Z [ell;aaz¢a(07p):|ppelﬁl‘ — Z (_eilga)Ppeiﬁx’
p=—00 oo
and
[0 a] Z / z'y s ds)
p=—00

With these, we use our Sobolev norms in §2.7 and follow the proof of Lemma 2.8.2 to

estimate
s .12
] = - uyAfu| T 2(s+1/2
HG C Hs+1/2 Z ‘(ljp)fp <p> (s+1/2)
.2
< CG(O) Z C;)l' <p> (5+3/2)
p=—00
= Coo HCUH?—]S+3/2 .
and

<p>2(s+1/2)

o],

= 2 |(5)

oo

S Ccf(a) Z

p=—00

L2
Pp’ <ﬁ>2(s+1/2)

2
= Cg ||P||Hs+1/2 :
We then apply the Cauchy—Schwarz inequality to estimate

2

i psF ( )d <pv>2(8+1/2)

5 [t

By the definition of ®¢(s;p) the middle term becomes

v

Hs+1/2

z'ys

Fy(s)|| s (22

a, 912)<(7u)2’
,yus
f I o 2 = (£,
-2
gt s, o> ()2,

where
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By defining for g € {u, w}

(Eq)z _an p Guq7

U ={pez|al< k), 7%= B (B.15)
P 1 Q}% - (Eq)Qa p g Zqu7
the third estimate follows from the bounds
HG([O"ID HHS+1/2 < e’ ds/ Fy(s )‘ ds (p)*r1/?
B <ﬁ>2(s+1/2) 2
< Z a<p>2(s+l/2) 4 Z 7?1“ i
peU™ *({0.al) pEU™ 2(110)” L2([0.a)
2
<c ’ +C ’
pEZU“ L2([0,a]) gzuu L2([0,a])
> .2
< Cawar Y 5 || 5| sy Cotoan =max{a(p),1/2)
p=—0o0 “

= Caoan | Fllgs
which validates (B.12). These imply
ull vz < Ce{1F [ ms + 1| rovarz + ([Pl grsrs2}y

where

Ce :=max {Cr0), Cextar, Cizo,a |-

Lemma B.0.3 (Translation Property). Given an integer s > 0, if F € H*([0,d]) x
[0,a]), then (a—z)F € H*([0,d]) x [0,a]) and there exists a positive constant Z, = Z4(s)
such that

l(a = 2)Fllae < Zol Flle.

Proof. [Lemma B.0.3] As (a—z) is a constant, it is clear that (a—z)F € H*(]0,d])x[0, al).
The required estimate then follows from applying Lemma B.0.1.
0



Appendix C
CHANGE OF VARIABLES

This appendix covers a fundamental step in our Boundary Perturbation algorithm. One
of the primary objectives in Chapters 2 and 3 is to show that both the upper/lower fields
and the upper/lower layer DNOs are analytic with respect to two small perturbation
parameters. In order to do this, we perform a domain—flattening change of variables
(known as o—coordinates in oceanography (157) and the C-method in the dynamical
theory of gratings (158; 159)). We will present the theory in Cartesian coordinates and
will later state the effects on the Helmholtz equation and the overall impact on our

governing equations. The bulk of our analysis is based on Appendix E in (84).

We begin by considering the doubly—perturbed domain
Spu={Lx)<z<U@)}={{+0z) <z<u+u(z)}, (C.1)

where the change of variables

—(U—=z z—L
; ;7 _
¥ =u, z-f( _L>+u< —L)’ (C.2)

maps Sru to S;,. As discussed in Chapter 1, the variables v and U both refer to the

upper boundary while ¢ and L reference the lower boundary. In the upper layer, the
upper boundary is the artificial boundary at {z = a} while the lower boundary is the
surface z = g(z). In the lower layer, the upper boundary is the surface z = g(z) and
the lower boundary is the artificial boundary at {z = —b}. Defining the height of the
layer to be

h:=u—{,

and using the formulas for L and U, we find

(1 )t (T

or

where

D(z) := % (C.3)

In the upper layer we have

(=0, =g, u=a, u=0, h=u—/{=a.
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Similarly, in the lower layer we have
l=-b, £=0, u=0, u=g, h=u—{=b.

For a function v = v(z, 2), v € {u, w}, which is transformed to

o =02, ) = v(x(d, ), 2(2, ), v=wv(z,2) = (d(x,2),7 (,2)),

and v' € {v/,w'}, we apply the chain rule
ov_odor vl ou_ovor o'oY
Or  Ox' 9x 02 9x’ 0z Oz’ 0z 02 0z

Then
ox' ox' 07 1

ox 9z 9z O

where differentiating Cz’ = z — D with respect to x yields

02
/ ot
@:0)2 +¢ (%) =~ @D).
and
872’ o (0:C) 2" + (0. D) B _E
or C e
We define
E(x,7') := (0,C) 2 + (9. D),
and observe that _ _
8,0 = Oztt — 83567 8.D = U0t — L0su
h h
This implies
— / a7, —_— Y
B (Ozu 8556)2;—718356 L0 u — (0uu) Zs, + (90) Z0, (C.4)
for the definitions _
2 -0 u—z

We will later realize that it is more convenient to express our differentiation rules when
premultiplied by C' (either C'(z) or C(2') as appropriate) by which we settle upon the

following differentiation rules under the change of variables in (C.2)

COy = Cdy — B0, CO, = 0. (C.5)

In §2.2 and §3.2 we showed that the Helmholtz equation in the upper and lower layers

can be represented by

Av + 2iad,v + (7°)*v = 0. (C.6)
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We restate (C.6) as

0= C?{Av + 2iadv + (v*)*v}
= C? {0,[0,0] + 0:[0:0] + +2iadzv + (7°)*v}
= 00,[CO,v] — C(8,C)0pv + CO,[CO.v] + 2C%iad,v + C*(v¥)?v.

By our transformation rules
0= [COp — ED)[COpv — B 0| — (0 C)[COpv’ — B0 4 0,[0.0"] + 2C%i0dp0/
+ O ,yv’)Z Y
= COy [COy] — ED[COp') — COp[ED ] + ED4[ED ] — (8, C)COp0
+ (8 CYED ' + 020 + 2C%iad v’ + C*(4") 20
= 0 [C?0p0"] — (0 C)COpv' — Dy [ECO0"] + (0, E)COpv — 0, [CED ]
+ (0 CYED v + 0,[E*0,0"] — (0, E)Ed v — (0 C)COpt 4 (0, C)ED 0
+ 020 + 2C%iad, v + C? ()2,

where

(835/C)E8Z/U/ — (aZ/E)EaZ/U/ — (ame)Caw/v’ + (@CfE)Cazlvl =0,

because

0. E = 0,C = 0,C.

The second, forth, eight, and tenth terms cancel so that

0=20y [Can/U/] — Oy [EC&U/U/] — Oy [CE@Z/U/] + (&yC)E@Z/U/
10, [E20,0] — (8, C)COp0 + 020" + 2C%iad v’ + C2 ()20

This may be written more compactly as
0 = div'[AV'V] + B - V'V + 2C%iad v + C? ("),
where for S = C?
A:(S 4”), B:@ﬂn(0>
~EC 1+ E? E
By the definitions of C and E, (C.3) and (C.4), we have

2 2 1 1 2
S=1+2u— =+ Su*+ 502 — S,
h - h h h
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Appendix C  Change of Variables

CE = Z1,(0yu) + Zuy(9,0) + @u(axu) — %Z(Oxﬁ) —
E? =

%f(@xu) + ZhUu(axe),
Z2(0,u)? + Z2(0.0)? + 221, Z17(0:0) (Op10)

If ¢ = 6/ and u = &1 then

A= A((S, 5) = A070 + A1705 + A071€ + +A27052 + A07262 + Ay 10¢
B = B(5, 8) = 31705 + BO71€ + +Bg7052 + BO72€2 + Bj10¢
S = 5(5 ) 5070 + 51,05 + 50718 + +SQ7052 + S072<€2 + S1160¢e
where
10 1 20 ~hZy (0
Ao = A== - - u(0:6) ;
0 1 h —hZU(awg) 0
1 —24 —hZp(0,1)
AO,l = = — - )
h \—hZ(0,4)

0

1 ? hZi0(9,0)
A2,0 i =2 9 ~9 |
2 \RZyl(0,0) B> Z2(9,0)

1 u? —hZLu 0z 1)
A0,2 = 3
h —hZpu(0,1)

1 ( —20% h ZLE((?JL) - ZUﬂ(BJ)))
A== |- P
\h (ZLK(&CU) — Zytu (3955))

QhQZUZL(ax@)(Bxﬂ)
and
1 ((00) 1 [ —(0.1)
B = , B = = 5
b0, mact(©
1 —0(9,0
Bo= L[ H@:D )
h —hZU(a:v )
1 —u(0,1
Boo= = | - ( ~)2 :
h hZL(&,;u)
1 W(00) + £(0,10)
Bii==|- -,
h™ \MZu — Z1)(0.4)(0,1)
and
2 2
Soo=1, Si0= —E& So,1 = =1,
1 - .
Sa0= =% So2= 2



Appendix D

PERMISSIONS FOR THE INCLUSION OF PUBLISHED WORKS

The proof of joint analyticity and computation of the Reflectivity Map, including the
related algorithms and numerical experiments, are submitted to two separate STAM
journals, which allows authors to use their articles in their thesis. Their policy states
“Figures or tables created by someone other than the author or borrowed from a previ-
ously published source, even those created by the author and published elsewhere, must
carry an appropriate credit line at the end of the caption.” The full policy is available at
https://epubs.siam.org/journal-authors. Upon acceptance, the author will update the

necessary chapters and give the appropriate credit to the respective journal.
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